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APPLICATIONS OF QCD EFFECTIVE THEORIES TO THE PHYSICS OF
JETS AND QUARKONIUM PRODUCTION
Lin Dai, PhD
University of Pittsburgh, 2018
We apply QCD effective theories to study the physics of jets and quarkonium production.
The thesis contains work in the following two related directions.
The first direction is jet physics (chapter 3 of the thesis). We introduced a function
called fragmentation function to a jet (FFJ) to describe inclusive jet production from a
parton and studied FFJs in different phase space and momentum regions. One of the limits
we investigated was where the jet radius r was small, which lead to large ln(r) corrections
that need to be resummed. Another limit was the large z limit, where z was defined to be
the fraction of energy carried by the jet from the mother parton. Here ln(1− z) can appear
and is due to the gluon radiations that are both collinear and soft (described by collinear-soft
fields). We formulated factorization theorems and used renormalization group techniques to
deal with these types of logarithms. Phenomenologically, both the small jet radius and large
z limit are important for comparing precision calculations with experimental data.
The second direction is quarkonium production in jets (chapter 4 of the thesis). This
direction naturally combines jet physics with quarkonium production. Since quarkonium pro-
duction in a jet is inclusive in the jet, we can still use inclusive quarkonium fragmentation
functions that are perturbatively calculable based on the Non-relativistic QCD (NRQCD)
factorization formalism. We did both analytic calculations and Monte Carlo simulations and
compared them with the recent LHCb measurement of J/ψ production in jets. We found
that currently existing event generators are not sufficient to study quarkonium production
in jets and we proposed modifications (e.g., to PYTHIA). Both our analytic calculations
iii
and the modified PYTHIA agreed reasonably well with the LHCb data. Our study indicates
that the detailed dynamics of quarkonium production in jets can help us better understand
quarkonium production mechanisms. We also studied other observables related to quarko-
nium production in jets that could have the potential power to clarify quarkonium production
mechanisms.
iv
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1.0 INTRODUCTION
The structure of this thesis is as follows. Chapter 1 is a brief description of Jet physics and
quarkonium production that are relevant to our work. Chapter 2 is a review of the two types
of QCD effective theories (soft-collinear effective theory and non-relativistic QCD) that are
used in our work. Chapter 3 is devoted to the study of inclusive jet production and Chapter
4 to quarkonium production in jets.
1.1 AN OVERVIEW OF THE STRONG INTERACTION AND QCD
EFFECTIVE THEORIES
1.1.1 The Strong Interaction
The study of particle physics is about the basic building blocks of the universe and their
interactions. Even though it is far from being completed, the standard model of particle
physics (SM for short) is our current best understanding of these building blocks and their
interactions. According to the SM, there are three families of quarks, i.e. (u, d), (c, s),
and (t, b), and three families of leptons, i.e., (νe, e), (νµ, µ), and (ντ , τ). All the quarks and
leptons are fermions with spin 1/2. The interactions of these fermions are mediated by spin
1 gauge bosons Z,W± bosons and photons (responsible for the electro-weak interaction),
and gluons g (responsible for the strong interaction). There is an additional spin 0 particle
called the Higgs boson which gives masses to all the other fundamental particles (except for
the neutrinos) through spontaneous symmetry breaking.
The establishment of the SM is the results of heroic journeys of generations of physicists.
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Here I just mention some of the milestones that are key for the understanding of the strong
interaction. If we want, we can go back to the philosophical concepts of atoms in ancient
Greece. But let’s just start from the experiments by Rutherford and his collaborators be-
tween 1908 and 1913. In those series of experiments, α particles (made of Helium-4 nucleus,
i.e., 2 protons and 2 neutrons) were bombarded into thin gold foils, the surprising thing was
that there was a significant number of α particles that were deflected at large angles relative
to the incidence direction, this can only happen when the α particles are hitting on targets
with masses concentrating in small regions and the quantity of masses in those small regions
are comparable to that of the α particle. Those small regions of large mass concentration
are called nuclei. Based on the analysis of coulomb potential interaction, Rutherford esti-
mated the size of a typical nucleus to be around 10−15 m [7]. It was not until 1932 that the
nutron was discovered [8], which eventually established that a nucleus is made of protons
and neutrons (except for rare cases like the hydrogen atom).
Whether a nucleus is made of just protons or protons plus neutrons, there is the puzzle
of what forces are responsible for holding them together. After all, the electric force among
protons grows fast (proportional to 1/r2) as they get close. It must be some kind of force
that is stronger than the electric force (i.e., the name strong interaction). In 1935 Yukawa
suggested that the interaction among nucleons be mediated by massive bosons (called pions
pi’s) [9]. The basic idea is that the force due to pions are short ranged (length of the range
is around 1/mpi) with potential that looks like
VYukawa(r) ∝ e
−mpir
r
, (1.1)
in contrast to the well-known long-ranged coulomb potential
VCoulomb(r) ∝ 1
r
, (1.2)
which is the result of massless photon exchanging among charged particles and which can be
thought of as the mpi → 0 limit of the Yukawa limit. Beween 1930’s and 1960’s, there were
lots of efforts following the framework proposed by Yukawa without going much further.
Right after the discovery of the neutron, Heisenberg proposed a symmetry (SU(2) sym-
metry, or isospin symmetry) between the proton and the neutron in a nucleus, mostly because
2
the masses of the proton and the neutron are very close. To put this direction further, in the
1960s, Gell-Mann categorized the discovered (and predicted to exist) mesons and baryons
similar to the periodic table of Mendeleev. The “periodic table of Gell-Mann” are based
on quark models in which particles are made of u, d, s quarks and the three quarks satisfy
SU(3) symmetry. The quark model seemed to be in violation with the spin-statistics theorem
(particles with integer spin are bosons and those with half odd integer spin are fermions).
The existence of a particle called Ω− whose quark content is three s quarks (sss) is such
an example. Most then existing problems of the quark model disappeared if a new internal
degree of freedom was introduced, which Gell-Mann coined the name “color” for the new
internal degree of freedom.
The exploration of symmetry groups eventually lead to the establishment of Non-Abelian
gauge theories. Based on the procedure of renormalization to remove infinities, quantum field
theory had been very successful in comparing Quantum Electrodynamics (QED) calculations
and experimental data. The interaction of QED is based on U(1) gauge symmetry, which
says the physics (or the classical equation of motion) is independent of a local phase trans-
formation. In a 1954 paper by Yang and Mills, they generalized U(1) gauge interaction of
QED to Non-Abelian gauge groups [10]. Eventually, Non-Abelian Gauge theories became
the foundations of the SM, including the Quantum Chromodynamics (QCD) based on the
SU(3)c gauge symmetry of the color degree of freedom. Initially, the application of QCD
was not successful to the extent that people were ready to give up on quantum field theory
in describing the strong interaction and focused on objects such as scattering amplitude
methods which rely solely on basic principles (such as causality, unitarity, analyticity). Only
after the establishment of asymptotic freedom was the SU(3)c gauge theory widely accepted
as the main tool for studying the strong interaction [11].
1.1.2 QCD Effective Theories
In the next section, we will lay out the technical details of QCD. This section focuses only on
some motivations of using QCD effective field theories (EFTs) to study the strong interaction.
Generally speaking, every successful physical theories we already knew can be thought of
3
as an effective theory. For instance, Newtonian gravity is an effective theory of the General
Relativity (in the weak gravitation limit). The General Relativity and The SM can be
thought of as effective theories of some yet unknown theory at low energy limit. One reason
of studying effective theories is that the more inclusive a theory is, the harder it tends to
be for detailed applications. For instance, to calculate the light emission spectrum of the
hydrogen atom, it is enough to use Non-Relativistic Schrodinger equation without having to
use the full complicated machinery of QED. Another reason that effective theory methods
are so useful is that there are interesting physics at all distance (or equivalently energy)
scales and we can do physics reliably in different scales (either length or energy scales). For
instance, condensed matter physicists do not need calculate the dynamics of quarks to study
properties of materials since quarks lie in nuclei with distance of order 10−15 m while material
properties are determined by atomic structures with length scale around 10−10 m.
The motivations of studying QCD effective theories are the same as those of studying
general effective theories. There are only very limited situations where we can do exact
QCD calculations. Otherwise, we can only rely on numerical simulations (or mostly Monte
Carlo methods). On the other hand, modern collider experiments (such as those carried out
at the LHC) involve complicated multi-scale processes. EFT allows us to study different
scales separately and use factorization theorems to combine all relevant components. Take a
typical event at the LHC for example, two protons (with energy scale around 1 GeV) collide
and leave thousands of tracks in the detectors. These tracks reflect the hardest collision
structures (at energy scale around 1 TeV ), and they are made of hadrons (such as pions,
kaons, at GeV scales) and leptons (electrons at MeV scale and muons around 100 MeV).
As was mentioned above, the discovery of asymptotic freedom promoted QCD as the
main theory of the strong interaction. Asymptotic freedom (more details on this in the
next section) means that the interaction of partons (quarks and gluons) decreases as the
energy scale increases, and only in those higher energy scales can we rely on perturbative
calculations. For the LHC experiments, two of the perturbatively calculable parts are: (1)
The hard processes which describe the partons from the two incoming protons collide at TeV
scales. (2) The spliting of partons after the hard collision before hadrons (such as pions and
quarkonia) are produced, which is called parton shower. The splitting of partons tends to be
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collinear, which means splitting at small relative angles (the reason is illustrated in Section
1.3 and 2.1.1). As a result, the tracks recorded by the detectors tend to be collimated
along certain directions, and we call these collimated tracks jets. Note that since these
tracks are hadrons, we need to combine the perturbative calcualtions (responsible for the
parton shower) with the non-perturbative parts (responsible for the formation of hadrons).
This thesis focuses on the study of jets and quarkonium production, which involves both
perturbative parts and transitions to non-perturbative parts. And effective field theories
enable us to analytically using QCD to study such complicated experiments that are carried
out at the LHC.
1.2 QUANTUM CHROMODYNAMICS
Quantum Chromodynamics (QCD) is a theory of the strong interaction based on SU(3)
gauge symmetry and is a basic building block of the present standard model of particle
physics. It was gradually established in the 1960s and 1970s when a large number of hadrons
were discovered and physicists were trying to find order in an explosive collection of experi-
mental data.
SU(3) is a Lie group in which any element U satisfies
U †U = UU † = 1, det(U) = 1. (1.3)
This Lie group (being simply connected) is uniquely determined by its group generators that
form a Lie algebra under the commutation relation
[T a, T b] = ifabcT c, (1.4)
i.e., any element in SU(3) can be generated by the exponentiation operation
eiθ
aTa (1.5)
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with a certain tuple of real numbers θa. Eq. (1.3) and (1.5) require the generators T a to
be hermitian and traceless, which leads to 8 generators for SU(3) (N2 − 1 generators for
SU(N)).
T a’s are usually chosen to have the following forms (Gell-Mann matrices)
λ1 =

0 1 0
1 0 0
0 0 0
 , λ2 =

0 −i 0
i 0 0
0 0 0
 , λ3 =

1 0 0
0 −1 0
0 0 0
 ,
λ4 =

0 0 1
0 0 0
1 0 0
 , λ5 =

0 0 −i
0 0 0
i 0 0
 , λ6 =

0 0 0
0 0 1
0 1 0
 ,
λ7 =

0 0 0
0 0 −i
0 i 0
 , λ8 = 1√3

1 0 0
0 1 0
0 0 −2
 ,
(1.6)
with T a ≡ λa/2.
The Lagrangian of QCD is
LQCD = ψ¯i(i /D −m)ijψj − 1
4
F aµνF
aµν , (1.7)
where
[Dµ]ij ≡ δiji∂µ − gsAaµT aij, (1.8)
and the field strength tensor
Fµν ≡ i
gs
[Dµ, Dν ] ⇒ F aµν = ∂µAaν − ∂νAaµ + gfabcAbµAcν . (1.9)
The non-abelian nature of SU(3) gives rise to gauge field self-interactions whose Feynman
diagrams include vertices with 3 and 4 gluon lines (see Figure 1),
−gsfabc(∂µAaν)AbµAcν , −
1
4
g2sf
eabf ecdAaµA
b
νA
cµAdν , (1.10)
which make the infrared divergences involved in QCD much more dire than that of QED,
whose gauge field photons have no self-interaction (some more details on infrared divergences
are discussed in Section 2.1.1).
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Figure 1: Feynman diagrams for gluon self-interactions.
The key feature of the SU(3) gauge theory is asymptotic freedom [11, 12], which is the
basis for the validity of perturbative calculations. Figure 2 shows the running of the coupling
constant αs (αs ≡ g2/4pi) with respect to energy scale, which indicates that the interaction
is weaker towards ultra-violet (UV) scales (the meaning of asymptotically free at UV).
1.3 THE PHYSICS OF JETS
Jets in high energy collisions have been an important theoretical and experimental probe
of physics for decades. Currently, they are not only important for understanding Quantum
Chromodynamics (QCD), but are crucial in our searches for beyond the Standard Model
physics at the Large Hadron Collider at CERN and will continue to be important for any
future collider that may be built. Understanding the property of jets and being able to
calculate reliable cross sections to compare to data are thus extremely important to current
and future studies in particle physics.
Take experiments at the LHC for example. Two protons are accelerated to extremely high
energies (currently with center of mass energy
√
s = 13 TeV) and collide. After the collision,
lots of particles are generated and they leave in the detectors bunches of tracks. As a general
feature of quantum mechanics, degeneracy of states leads to singularities. As a familiar
example, the second order corrections to energy levels in time-independent perturbation
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Figure 2: The dependence of strong coupling constant αs on energy scale. The plot is quoted
from Particle Data Group (PDG) publication Ref. [4].
theories are:
δE(2)n =
∑
m6=n
|〈m|HI |n〉|2
En − Em (1.11)
If En is degenerate, or there are lots of states with energies close to En, the contributions from
those states are enhanced. Similarly, in jet physics, collinear splittings, which correspond
to producing almost degenerate states of the initial state, are enhanced comparing to other
splittings in random directions. We will discuss more on collinear singularities in Section
2.1.1. With certain algorithms, these tracks are clustered into single objects called jets.
Study of these jets is essential. On the one hand, it can deepen our understanding of QCD
itself. On the other hand, since jets are ubiquitous in collider experiments, if one wants
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to extract possible new physics information from collider experiments, analysis of jets is
unavoidable. Loosely speaking, jets are defined to be collections of particles with in some
solid angles. How to choose the solid angle, however, is a very subtle issue. Below we will
discuss two main categories of jet algorithms to define what a jet is.
The analysis of QCD jets can be dated back to 1977 when Sterman and Weinberg man-
aged to interpret infrared divergent cross sections for di-jet productions of e+e− collisions
[13]. In their analysis, a di-jet event is required to have at least a fraction 1 −  of energy
deposited in a cone of half angle δ along the jet axis (for a back-to-back two-jet event, the
jet axis is well defined).
There are two types of jet algorithms that are used in present day collider physics [14].
The first type are called cone-jet algorithms that are similar, but not identical, to the one
used in Ref. [13]. In a cone-jet algorithm (or iterative cone-jet algorithm), a seed particle is
chosen first, then all particles within a radius of R are collected to form a jet. The metric
for defining the radius R (which is dimensionless) is
dij =
√
(∆φ)2ij + (∆η)
2
ij, (1.12)
where φ is the azimuthal angle and η the pseudo-rapidity defined as
η ≡ ln
(
cot
(
θ
2
))
, (1.13)
with θ the polar angle. Here both φ and θ are defined with respect to the collision beam axis.
The second are called kT - (or clustering-) type jet algorithms which are widely used in, for
instance, LHC experiments. For this type of jet algorithms, a metric dij (which is typically
different from Eq. (1.12)) is defined first and then the following algorithm is followed to
define jets with radius R:
(1) Calculate dij for all final particles, find the minimum of dij denoted as dimjm ;
(2) If dimjm ≤ R, merge the four momenta of particle im and jm to form a new final particle
(remove the original im and jm from the final particle list);
(3) Repeat (1) until there are no pairs whose distances are smaller than R.
The choice of a jet algorithm depends heavily on what process is under study. From a
theoretical point view, some jet algorithms might be better suited than others for analysis
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such as deriving factorization theorems. No matter what jet algorithms are used, the ultimate
goal is to use jet structures to reconstruct the hard interactions (interactions of the hardest
partons).
1.4 QUARKONIUM PRODUCTION
In this thesis (as is typically used in high energy community), quarkonium refers to heavy
quark bound states charmonium and bottomonium. There are many aspects of quarkonium
physics that are fascinating [15] such as quarkonium spectroscopy and decay. We will be
focusing on quarkonium production. Historically, the discovery of charmonium (J/ψ) was
very important for the establishment of the standard model and initiated the “November
Revolution” in the high energy physics community.
Quarkonium physics continues to be an active field of research. The unique feature of a
quarkonium system is that it involves multiple regimes of the scales of QCD: from the heavy
quark mass scale mQ, where the strong coupling αs is still reasonably small for perturbative
calculations (ref. Figure 2, αs(m
2
charm) ∼ 0.35 and αs(m2bottom) ∼ 0.21 if mcharm = 1.4 GeV
and mbottom = 4.8 GeV), to the scales which are very close to the ΛQCD (such as mQv, mQv
2,
more on this in Section 2.2.1). So quarkonia are special systems to probe the transition of
QCD from the perturbative to non-perturbative regions.
Many of the past studies of quarkonium production are based on the NRQCD factor-
ization formalism (discussed in Section 2.2). This formalism predicts different quarkonium
production mechanisms where the only inputs are a set of long distance matrix elements
(LDMEs). The LDMEs are supposed to be universal, so that once measured they can be
used to predict all other measurements involving those LDMEs. However, extractions of
LDMEs from different data gave very different numerical values, which in turn gave quite
different predictions. One of the most prominent examples is the polarization puzzle [15],
where different LDME extractions gave rise to completely different predictions of polarization
of quarkonium production. Continuing study of these issues will give us a better understand-
ing of QCD in the regime where the validity of the perturbative calculations approaches its
10
limit.
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2.0 QCD EFFECTIVE THEORY
In this thesis, we focus on applications of two types of effective theories of QCD, i.e., soft-
collinear effective theory (SCET) and non-relativistic QCD (NRQCD), which we will be
reviewing in this chapter. SCET is suitable for the descriptions of high energy jets and
NRQCD is a powerful tool to study quarkonia.
2.1 SOFT-COLLINEAR EFFECTIVE THEORIES
SCET was invented to properly deal with QCD infrared divergences and it is a very useful
framework to study multi-scale problems in modern collider experiments [16, 17, 18, 19, 20,
21]. Similar to other types of effective field theories, SCET facilitates the derivations of
factorization theorems involved in multi-scale physical processes and enables resummations
of large logarithms by employing renormalization group techniques.
2.1.1 Infrared divergences
Consider a scattering process, as is shown in Figure 3, for the massless scalar φ3 theory (in
D dimensional space-time) with Lagrangian
L = 1
2
(∂µφ)(∂
µφ)− g
3!
φ3. (2.1)
Let Mn be the amplitude for the process with external momenta k1, k2 · · · kn−1 and p. If
one of the particles with momentum p splits into two with momenta p1 and p2, then the new
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amplitude would be
Mn+1 =Mn (−ig) i
p2 + i
. (2.2)
Since p1 and p2 are on-shell massless external momenta, the denominator of the propagator
in Eq. (2.2) is
p2 = (p1 + p2)
2 = 2p1 · p2 = 2E1E2(1− cos(θ)), (2.3)
where θ is the spatial angle between p1 and p2. There are two possible cases that would
lead to divergences due to the splitting: either E1 (equivalently for E2) goes to zero or the
splitting angle θ goes to zero. The divergence that corresponds to the former is called a soft
divergence and the latter a collinear divergence.
p
 ig
k1
k2
kn 1···
p1
p2
✓Mn
Figure 3: Infrared divergence in φ3 theory. One of the external particles with momentum
p splits into two with momenta p1 and p2.
Note that Mn+1 itself is not an observable, so the analysis of the divergences of Mn+1
is more subtle. Let us discuss cross sections associated with the production of n and n + 1
particles, respectively. With the splitting, the cross section
σn =
∫ n−1∏
i=1
dD−1ki
(2pi)D−12Eki
∫
dD−1p
(2pi)D−12Ep
(2pi)DδD
(
p+
∑
i
ki
)
|Mn|2 (2.4)
changes to
σn+1 =
∫ n−1∏
i=1
dD−1ki
(2pi)D−12Eki
∫
dD−1p1
(2pi)D−12E1
dD−1p2
(2pi)D−12E2
(2pi)DδD
(
p1 + p2 +
∑
i
ki
)
|Mn+1|2 ,
(2.5)
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where
|Mn+1| = |Mn| g
2
(p1 + p2)4
= |Mn| g
2
(E1E2(1− cos(θ)))2 , (2.6)
with the understanding that p is not on-shell as it is in Eq. (2.4). There is one trick that
facilitates the comparison between σn and σn+1. Inserting the identity
1 =
∫
dD−1p
(2pi)D−12Ep
(2pi)D−1δD−1(p1 + p2 − p) (2.7)
in Eq. (2.5), one obtains
σn+1 =g
2
∫
dD−1p
(2pi)D−12Ep
∫
dD−1p1
(2pi)D−12E1
dD−1p2
(2pi)D−12E2
(∫ n−1∏
i=1
dD−1ki
(2pi)D−12Eki
×(2pi)DδD(p1 + p2 +
n−1∑
i
ki) |Mn|2
)
(2pi)D−1δD−1(p− p1 − p2) 1
(E1E2(1− cos(θ)))2
.
(2.8)
To study the phase space integration with respect to p1 and p2, we first integrate out the
angular coordinates except for θ which results in∫
dD−1p1dD−1p2 · · · = ΩD−3
∫
dE1dE2E
D−2
1 E
D−2
2 dθ sin
D−3(θ) · · · , (2.9)
where ΩD−3 is the volume of a unit (D− 3)-sphere. In the soft-collinear limit (θ → 0, E1 or
E2 → 0), dD−1p1 and dD−1p2 with dΩD−3 integrated out give rise to∫
dE1dE2dθ E
D−5
1 E
D−5
2 θ
D−7. (2.10)
Eq. (2.10) shows that the infrared behavior of the splitting depends on the space-time
dimension. In particular, if D > 6 there is no infrared divergence. If 4 < D ≤ 6, the infrared
divergence comes from the angular integration. If D ≤ 4, both the energy and angular
integration give rise to infrared divergences.
The origin of the infrared divergences considered above is the degeneracy of external
states. Experimentally, one can not distinguish between a massless particle and the collection
of collinear massless particles with the same energy, nor can one distinguish between a
massless particle and a massless particle accompanied by a collection of very soft massless
particles. This means that neither σn nor σn+1 is an observable. One should combine σn with
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pk1
k2
kn 1···
Mn
Figure 4: Virtual correction to Mn needed to cancel infrared divergences that appear in
Mn+1.
part of σn+1 where the phase space integration in Eq. (2.8) are constrained to be in the soft
or collinear regions for p1 and p2. In addition, one should also includes virtual corrections
to Mn by considering diagrams such as that in Figure 4.
It is interesting to mention that the infrared divergence of the scattering amplitude
discussed above is due to choosing initial and final states as single particle states. It is
possible to define infrared finite amplitudes by carefully defining asymptotic states first
[22, 23, 24]. For instance, in QED, the infrared divergence comes from the emission of an
indefinite number of soft-photons. If one defines initial and final states as the superposition
of a electron state and an infinite number of photon states (coherent states), an infrared
finite scattering amplitude can be defined [22]. In QCD, the degeneracy from color degree
of freedom and additional gluon vertices make the infrared divergences much more dire than
that in QED.
2.1.2 SCET for φ3 theories
In this section, we review SCET for φ3 theory and its application to the factorization of
the Sudakov form factor that are discussed in more details in Ref. [25]. The SCET for
massless φ3 theory is much easier to deal with since we don’t need to worry about the non-
abelian gauge fields associated with SU(3) in QCD. Nevertheless it incorporates the main
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ingredients of SCET in general. This will also help us set up notations and nomenclatures
that are commonly used in SCET in the context of QCD.
2.1.2.1 SCET Lagrangian for φ3 theory The discussion in Section 2.1.1 on infrared
divergences show that soft and collinear radiations of φ particles are enhanced. So there could
be a jet like cascade if the φ particle propagates in some material with which it interacts.
The dynamics of the jet (i.e., the interaction of particles inside the jet or interactions with
other jets) could be described by an effective field whose momentum fluctuations are small
around the jet direction.
In SCET, one usually works with light-cone coordinates. Let nˆ be a unit 3-vector (it
could be a jet direction), and let n = (1, nˆ) and n¯ = (1,−nˆ). Then n2 = n¯2 = 0, i.e., n and
n¯ are two light-cone vectors with opposite directions. Any 4-vector k can be decomposed
along n, n¯, and a direction perpendicular to both n and n¯ as follows:
kµ = n · k n¯
µ
2
+ n¯ · kn
µ
2
+ kµ⊥. (2.11)
The light-cone components of k are denoted as
(k+, k−, k⊥) ≡ (n · k, n¯ · k, k⊥). (2.12)
Let q be another vector, then k2 and the product of k and q have the following expressions:
k2 = k+k− + k2⊥
k · q = 1
2
k+p− +
1
2
k−p+ + k⊥ · p⊥. (2.13)
where
k2⊥ = −~k2⊥
k⊥ · p⊥ = −~k⊥ · ~p⊥ (2.14)
If p is a momentum collinear to n and l collinear to n¯, then p and l scale as
(p+, p−, p⊥) ∼ (λ2, 1, λ)
(l+, l−, l⊥) ∼ (1, λ2, λ), (2.15)
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where λ  1 is the power counting parameter for SCET with λ ∼ p⊥/p− ∼ l⊥/l+. The
scaling for p and l in Eq. (2.15) can be obtained as follows. Let p be on-shell as it should
be if it’s a final state particle in a jet, i.e., p2 = 0. Since the direction of ~p is close to nˆ,
p− = n¯ · p = p0 + nˆ · ~p,
p+ = n · p = p0 − nˆ · ~p, (2.16)
and
p− ∼ 2p0  p+. (2.17)
In addition p−  p⊥, otherwise p is by no means collinear to nˆ. The on-shell condition
requires
p2 = 0 ⇒ p+ = ~p
2
⊥
p−
. (2.18)
Let λ ∼ p⊥/p−. Then
(p+, p−, p⊥) = p−(
p+
p−
, 1,
p⊥
p−
) ∼ p−(λ2, 1, λ) (2.19)
which is the scaling shown in Eq. (2.15). By exactly the same argument, one can obtain the
scaling for l in Eq. (2.15).
Assume we are interested in a back to back di-jet process, with one along n and the
other n¯. Then there are two collinear fields we need to construct. Let φc and φc¯ be fields (or
modes of φ) collinear to n and n¯ respectively. In addition, one needs to introduce another
mode φs to mediate the interaction between φc and φc¯. φs should be soft. More specifically,
it should not take φc or φc¯ off the scaling shown in Eq. (2.15). The momentum of φs scales
as
(p+s , p
−
s , ps⊥) ∼ (λ2, λ2, λ2). (2.20)
When interacting with collinear modes, this soft momentum scaling leaves the collinear
scalings in Eq. (2.15) unchanged. One natural question to ask is whether other soft modes
could be important. This is dependent on what processes we are interested in. For the
presently considered di-jet process, this is the only soft mode that is relevant. For instance,
modes with momentum scaling as (λ3, λ3, λ3) have already been included in the soft modes
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whose momentum scales as (λ2, λ2, λ2). Or if one insists on including those modes in the
calculation, the Feynman diagrams involving those modes give zero contributions.
The effective Lagrangian has the following form including the interesting modes in the
di-jet process:
L =1
2
∂µφc∂
µφc − g
3!
φ3c + · · ·
+
1
2
∂µφc¯∂
µφc¯ − g
3!
φ3c¯ + · · ·
+
1
2
∂µφs∂
µφs − g
3!
φ3s + · · ·
+Lc,c¯,s, (2.21)
where the · · · ’s are higher order power corrections when matching to the full φ3 theory
(power counting of fields is discussed below). The leading order interactions for Lc,c¯,s are
Lc,c¯,s = −g
2
φ2cφs −
g
2
φ2c¯φs + · · · . (2.22)
There are no terms, for example, like [φcφ
2
s] in Lc,c¯,s at leading power simply because of
momentum conservation: a collinear particle can not decay into two soft particles, otherwise
it violates the power counting rules in Eq. (2.15) and Eq. (2.20).
Now consider the power counting of fields, which is the first thing one needs to investigate
when constructing EFT operators. Let the space-time dimension be 6 (so that the φ3 theory
is renormalizable). For collinear fields,∫
d6p ∼ λ6, p2 ∼ λ2, (2.23)
where dp− ∼ 1, dp+ ∼ λ2, and d4p⊥ ∼ λ4. As a result,
〈0|Tφc(x)φc(0)|0〉 ∼
∫
d6pe−ipx
i
p2
∼ λ4 ⇒ φc ∼ λ2. (2.24)
Similarly, for soft fields, ∫
d6p ∼ λ12, p2 ∼ λ4, (2.25)
where dp− ∼ λ2, dp+ ∼ λ2, and d4p⊥ ∼ λ8. As a result,
〈0|Tφs(x)φs(0)|0〉 ∼
∫
d6pe−ipx
i
p2
∼ λ8 ⇒ φs ∼ λ4. (2.26)
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For the operators in the Lagrangian in Eq. (2.21)∫
d6x(∂µφc)
2 ∼ 1
λ6
(λ2)(λ4) =λ0,∫
d6x(∂µφc¯)
2 ∼ 1
λ6
(λ2)(λ4) =λ0,∫
d6x(∂µφs)
2 ∼ 1
λ12
(λ4)(λ8) =λ0,∫
d6xφ3c ∼
1
λ6
(λ2)3 =λ0,∫
d6xφ3s ∼
1
λ12
(λ4)3 =λ0, (2.27)
where we used xµ ∼ 1/pµ according to the uncertainty principle and ∂µ ∼ pµ. Eq. (2.27)
shows that the terms explicitly written out in Eq. (2.21) are the terms at leading power.
For the interaction term Lc,c¯,s in Eq. (2.22),∫
d6xφ2cφs ∼
1
λ6
(λ4)(λ4) =λ2,∫
d6xφ2c¯φs ∼
1
λ6
(λ4)(λ4) =λ2, (2.28)
where the scaling
∫
d6x is determined by φc (or φc¯) since the summation of collinear and soft
momenta has a collinear scaling. So at leading power O(λ0) there is no interaction between
the two collinear sectors, and up to O(λ2) Lc,c¯,s should be included.
2.1.2.2 Factorization of the Sudakov Factor Now let’s consider the factorization of
Sudakov form factor in the context of φ3 theory. The form factor refers to the matrix element
G = 〈l, p |j(0)| 0〉 , (2.29)
where j(x) is a current vector defined as
j(x) ≡ φ2(x), (2.30)
and l and p are external momenta. Let l (associated with φc) and p (associated with φc¯) be
collinear momenta along n and n¯, respectively. This form factor is relevant, for instance, to
the di-jet process. Diagrammatically the form factor involves studying the diagram shown
in Figure 5.
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Figure 5: Sudakov form factor for φ3 theory.
Take the power counting parameter to be
λ2 ∼ P 2/Q2 ∼ L2/Q2, (2.31)
with λ 1, P 2 ≡ −p2, L2 ≡ −l2, and Q2 ≡ −(l− p)2. Note that this is consistent with the
momentum scaling discussed in Section 2.1.2.1, since
p2⊥/p
−2 ∼ p2/p−2 ∼ λ2,
p−2/p−2 ∼ Q2/p−2 ∼ 1. (2.32)
To study the Sudakov Form Factor, we need to match the full theory current to the
effective theory current. First, note that derivatives of collinear fields along their light-cone
directions are not power suppressed:
φc(x+ sn¯) =
∑ si
i!
(n¯ · ∂)iφ with n¯ · ∂ → n¯ · p ∼ λ0. (2.33)
So at leading power, we should do the following matching:
j(x) = [φ(x)]2 → jSCET(x) =
∫
ds
∫
dtC(s, t, µ)φc(x+ sn¯)φc¯(x+ tn) +O(λ), (2.34)
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where C(s, t, µ) is the Wilson coefficients associated with the SCET composite operator
(φcφc¯) that can be calculated perturbatively by matching SCET diagrams with diagram in
the full φ3 theory. The power counting of [φc(x)φc¯(x)] is∫
d6xφcφc¯ ∼ 1
λ4
(λ2)(λ2) = λ0 (2.35)
where
∫
d6x ∼ λ−4 since the combination of momenta for φc and φc¯ gives
(p+c + p
+
c¯ , p
−
c + p
−
c¯ , pc⊥ + pc¯⊥) ∼ (1, 1, λ), (2.36)
and so
∫
d6p ∼ λ4 and as a result ∫ d6x ∼ λ−4. The power counting of [φcφc¯] justifies the
notation O(λ) in Eq. (2.34).
At tree level (leading order in perturbation) and up to O(λ) (leading order in power
correction), the SCET current operator is
jSCET(x) = φc(x)φc¯(x) +O(λ, g2), (2.37)
i.e.,
C(s, t, µ) = δ(s)δ(t) +O(λ, g2). (2.38)
With jSCET in hand, one can factorize the Sudakov form factor as follows:
G(p, l, µ) =
∫
dx1dx2e
−ipx1+ilx2〈0|T [φ(x1)jSCET (0)φ(x2)]|0〉
=
∫
dx1dx2e
−ipx1+ilx2〈0|T [φc(x1)jSCET (0)φc¯(x2)]|0〉
=
∫
dx1dx2e
−ipx1+ilx2
∫
dsdtC(s, t, µ)〈0|T [φc(x1)φc(sn¯)]|0〉〈0|T [φc¯(tn¯)φc¯(x2)]|0〉
= C˜(n¯ · p, n · l, µ)J (p2, µ)J (l2, µ) (2.39)
From the second line to the third line, the fact was used that in the effective theory
Lagrangian, different collinear sectors are decoupled at leading power. In the last line,
J (p2, µ) ≡ ∫ ddx1e−ipx1〈0|φc(x1)φc(0)|0〉 and J (l2, µ) ≡ ∫ ddx1e−ilx2〈0|φc¯(x2)φc¯(0)|0〉 are
called Jet Functions, and C˜(n¯ · p, n · l, µ) ≡ ∫ ds ∫ dtC(s, t, µ)e−isp·n¯+itl·n is called the Hard
Function.
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2.1.3 SCET Lagrangian for QCD
Just like φ3 theory, for each collinear sector, collinear fields are introduced for both quarks
and gluons. However, the power counting rules are much more complicated with different
components of quark spinors and gauge field vectors scaling differently. In addition the
SU(3) gauge symmetry is realized in a complicated fashion.
First, consider collinear quark field ψn in the n direction.
1 To figure out the power
counting rules for different components of ψn, consider the Dirac equation in momentum
space for a massless fermion (such as a collinear particle in high energy jets):
/pψn = 0 =
( n¯ · p
2
/n+
n · p
2
/¯n+ /p⊥
)
ψn. (2.40)
Since ψn is supposed to be collinear to n and n
µ ∼ 1,
n¯ · p
2
/n ∼ p0, n · p
2
/¯n ∼ p0λ2, /p⊥ ∼ p0λ. (2.41)
As a result, Eq. (2.40) reduces to
/nψn = 0 at leading power. (2.42)
This motivates the decomposition of ψn into two parts
ψn = ξn + ηn¯, (2.43)
where
ξn ≡ Pnψn, ηn¯ ≡ Pn¯ψn, (2.44)
and
Pn ≡ /n/¯n
4
, Pn¯ ≡ /¯n/n
4
. (2.45)
Pn and Pn¯ are projection operators that satisfy
P2n = Pn, P2n¯ = Pn¯, PnPn¯ = 0, Pn + Pn¯ = 1. (2.46)
One can immediately see that
/nξn = 0, /¯nηn¯ = 0. (2.47)
1Conventions in light-cone coordinates are setup in Section 2.1.2.1.
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To see what Pn and Pn¯ do when they operate on quark spinors, let n = (1, 0, 0, 1) and
work in the Dirac representation. In the Dirac representation, the γ matrices are
γ0 =
 1 0
0 −1
 , γi =
 0 σi
−σi 0
 . (2.48)
So
/n = γ0 − γ3 =
 1 −σ3
σ3 −1
 , /¯n = γ0 + γ3 =
 1 σ3
−σ3 −1
 , (2.49)
and
Pn = /n/¯n
4
=
1
2
 1 σ3
σ3 1
 , Pn¯ = /¯n/n
4
=
1
2
 1 −σ3
−σ3 1
 . (2.50)
The quark and anti-quark spinors are
un ∝
( U
σ3U
)
vn ∝
(
σ3V
V
)
, (2.51)
where U and V are two-component vectors corresponding to different spin states for particle
and anti-particles, respectively.
From Eq. (2.50) and (2.51),
Pnun = un, Pnvn = vn, Pn¯un = Pn¯vn = 0. (2.52)
So the projection operator Pn preserves both the particle and the anti-particle components
of the collinear fields. This is different than the NRQCD Lagrangian to be discussed in
Section 2.2.2.
Now consider the power counting of ξn(x) and ηn(x) by looking at their propagators.
The following identities are useful for evaluating the power countings of ξn and ηn¯:
/n/p⊥ = −/p⊥/n, /¯n/p⊥ = −/p⊥ /¯n,
/n/n = /¯n/¯n = 0, {/n, /¯n} = 4,
Pn/n = /n, Pn¯ /¯n = /¯n, /¯nPn = /¯n, /nPn¯ = /n,
Pn/pPn¯ = n¯ · p
2
/n, Pn¯/pPn = n · p
2
/¯n, (2.53)
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For ξn(x),
〈0|ξn(x)ξ¯n(0)|0〉 = 〈0|Pnψn(x)ψ¯n(0)Pn¯|0〉
= Pn〈0|ψn(x)ψ¯n(0)|0〉Pn¯
= Pn
[∫
d4p
(2pi)4
i/p
p2
e−ip·x
]
Pn¯
=
∫
d4p
(2pi)4
1
2
in¯ · p/n
p2
e−ip·x
∼ (λ4)(λ0) 1
λ2
= λ2, (2.54)
where
P†n = Pn¯, (2.55)
and identities in Eq. (2.53) have been used. This says that the power counting of ξn is
ξn(x) ∼ λ. (2.56)
We can do similar manipulations for ηn¯:
〈0|ηn¯(x)η¯n¯(0)|0〉 = 〈0|Pn¯ψn(x)ψ¯n(0)Pn|0〉
= Pn¯〈0|ψn(x)ψ¯n(0)|0〉Pn
= Pn¯
[∫
d4p
(2pi)4
i/p
p2
e−ip·x
]
Pn
=
∫
d4p
(2pi)4
1
2
in · p/¯n
p2
e−ip·x
∼ (λ4)(λ2) 1
λ2
= λ4, (2.57)
which shows that the scaling of ηn¯ is
ηn¯(x) ∼ λ2. (2.58)
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By similar arguments as those in Eq. (2.54) and (2.57), or by noticing that gauge fields
are always associated with space-time derivatives ∂µ, one obtains the scalings of n-collinear
gluon fields:
(n · An, n¯ · An, An⊥) ∼ (λ2, 1, λ). (2.59)
To find the SCET Lagrangian for the n-collinear field, plug the decomposition of ψn in
Eq. (2.43) into the full QCD Lagrangian (massless quark):
Ln = ψ¯ni /Dψn
= (ξ¯n + η¯n¯)
(
in¯ ·D
2
/n+
in ·D
2
/¯n+ i /D⊥
)
(ξn + ηn¯)
= ξ¯n
/¯n
2
in ·Dξn + η¯n¯ /n
2
in¯ ·Dηn¯ + ξ¯ni /D⊥ηn¯ + η¯n¯i /D⊥ξn. (2.60)
Since ηn¯(x) is power suppressed compared to ξn(x) (shown in Eq. (2.56) and (2.58)), we can
integrate out ηn¯ at leading power using the equation of motion. From the Lagrangian Eq.
(2.60), the equation of motion for ηn¯ is
/n
2
in¯ ·Dηn¯ + i /D⊥ξn = 0. (2.61)
After some algebra (using identities in Eq. (2.53)),
ηn¯ =
1
in¯ ·Di /D⊥
n¯
2
ξn. (2.62)
Plugging this back into Eq. (2.60), one obtains
Ln = ξ¯n
(
in ·D + i /D⊥
1
in¯ ·Di /D⊥
)
/¯n
2
ξn. (2.63)
This is the Lagrangian for collinear quark (jet) field. n is an arbitrary jet direction. For each
jet direction, one collinear quark field can be introduced. The interactions with gluon fields
are determined by the covariant derivative
Dµ = ∂µ − igsT aAaµ (2.64)
which will be discussed in more details in the next section.
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2.1.4 Gauge Transformations
The structure of gauge interaction is determined by the gauge invariance associated with a
certain gauge group (SU(3) for QCD) . In Eq. (2.63), the gauge field Aµ in the covariant
derivative Dµ should transform accordingly so as to match the local gauge transformation
of the collinear quark field ξn. Let
U(x) = exp [iαa(x)T a] (2.65)
be a SU(3) gauge transformation on ξn. Unlike full QCD, the choice of α
a(x) is not arbitrary
in that the transformation should not upset the power counting of ξn. For instance, if ∂µα(x)
scales like a hard momentum
(n · ∂α, n¯ · ∂α, /∂⊥α) ∼ p0(1, 1, 1), (2.66)
where p0 is the energy scale of ξn, then the gauge transformation will carry ξn to hard scaling
which is supposed to have been integrated out already in SCET.
Depending on what physical processes is under consideration, the interesting gauge field
modes may be quite different (See Section 3.2 for a working example of a different gauge
field mode not considered here). In this section, we focus on two modes that correspond
to collinear and ultra-soft gauge transformation, respectively. The scalings of collinear and
ultra-soft gauge transformations are
(n · ∂αn, n¯ · ∂αn, /∂⊥αn) ∼ p0(λ2, 1, λ), (2.67)
(n · ∂αs, n¯ · ∂αs, /∂⊥αs) ∼ p0(λ2, λ2, λ2), (2.68)
respectively. The QCD effective theory where modes with collinear and ultra-soft scaling
are relevant is called SCET-I. The term ‘ultra-soft’ scaling was introduced to distinguish it
from the soft scaling
(n · psoft, n¯ · psoft, psoft⊥) ∼ (λ, λ, λ). (2.69)
The QCD effective theory where modes with collinear and soft scaling are relevant is called
SCET-II. A typical example is B → Dpi decay process for which the power counting param-
eter is λ ∼ ΛQCD/mB.
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Let us first consider the ultra-soft gauge transformation
ξn(x)→ Us(x)ξn(x) = exp [iαas(x)T a] ξn(x). (2.70)
Gauge invariance of the Lagrangian requires an ultra-soft gauge field As in the covariant
derivative
Dµs = ∂
µ − igsAaµs T a (2.71)
with As transforming as
Aµs → UsAµsU †s +
i
gs
Us[∂
µ, U †s ], (2.72)
where Aµs is short for T
aAas
µ. The kinetic term for As is the same as that in the full theory
−1
4
F asµνF
aµν
s , (2.73)
where
Fsµν = F
a
sµνT
a ≡ i
g
[Dsµ, Dsν ]. (2.74)
Similarly, to preserve the following collinear gauge transformation invariance in the La-
grangian,
ξn(x)→ Un(x)ξn(x) = exp [iαan(x)T a] ξn(x), (2.75)
there should be a collinear mode Aµn in the gauge sector that transforms as
Aµn → UnAµnU †n +
i
gs
Un[Dµn, U †n], (2.76)
where
Dµn = ∂µ − igs
n¯µ
2
n · As. (2.77)
Note that the comutator in Eq. (2.76) is [Dµ, U †n] instead of [∂µ, U †n] such as that in Eq.
(2.72). This is due to the scaling behavior of the n¯ component of collinear and ultra-soft
gluons
n · An ∼ λ2, n · As ∼ λ2. (2.78)
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It seems that one needs to transform one of the ultra-soft components n · As under Un
transformation. One way to deal with this is to insist that As → As under Un. Including
both collinear and ultra-soft modes of gluons, the covariant derivative reads
Dµ = ∂µ − igsAµn − igsAµs . (2.79)
For the n and ⊥ component, there is no problem since [Dµ, U †n] and [∂µ, U †n] are the same for
those components. For n¯ (small) component, the collinear gauge tranformation invariance
requires
n ·D → n ·D′ = Un[n ·D]U †n. (2.80)
Since we have chosen As not to be transformed, this leads to
n · ∂ − igsn · A′n − igsn · As = Un[n · ∂ − igsn · An − igsn · As]U †n. (2.81)
As a result, the transformation of An is
n · A→ n · A′ = Unn · AnU †n +
i
gs
Un[n · ∂ − igsn · As, U+n ], (2.82)
and the transformation in Eq. (2.76) is justified.
The covariant derivative in Eq. (2.79) involves both collinear and ultra-soft gluon fields.
In the light-cone coordinates, only the larger component for An field needs to be kept:
n ·D = n · ∂ − igsn · An − igsn · As,
n¯ ·D = n¯ · ∂ − igsn¯ · An,
/D⊥ = /∂⊥ − igs /An⊥. (2.83)
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2.1.5 Wilson Lines
Wilson lines are ubiquitous in SCET. They are indispensable components in constructing
gauge invariant operators and facilitating factorization theorems.
Wilson lines can be introduced in different ways. Mathematically, a Wilson line corre-
sponds to a connection defined in a vector bundle (in the context of QFT).2 Just like the
metric connection in General Relativity, Wilson lines enable the comparison of vectors at
different space-time points. For instance, ψ(x)− ψ(y) has no meaning since ψ(x) and ψ(y)
live in different vector spaces attached to x and y, respectively.3 To compare ψ(x) and ψ(y),
the Wilson line W [x, y] connecting x and y pulls back ψ(y) to x (or equivalently pushes
forward ψ(x) to y)
W [x, y]ψ(y)− ψ(x), to compare at x;
ψ(y)−W [y, x]ψ(x), to compare at y. (2.84)
If comparison is allowed for vectors at different base points, the derivative associated to
the Wilson line could be defined
[Dµψ](x) = lim
aµ→0
W [x, x+ a]ψ(x+ a)− ψ(x)
aµ
. (2.85)
The derivative is covariant under some gauge transformation U(x), i.e.,
[DµUψ](x) = U(x)[Dµψ](x) (2.86)
if and only if W [x, y] has the transformation property under U(x)
W [x, y]→ U(x)W [x, y]U−1(y). (2.87)
This transformation rule is the reason why Wilson lines are so useful.
2For a quantum field φ, φ(x) is a vector attached to x in the base space (space-time manifold). A quantum
field configuration corresponds to a section of the bundle.
3Only when the connection is trivial is it meaningful to directly compare vectors at different points in
the base space. Triviality means the following. Let (e1, e2, ...) be a vector basis and ∇ei be the covariant
derivative along ei associated with some connection. The connection is called trivial if and only if ∇eiej = 0
for any i and j.
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Another equivalent way of defining the Wilson line is by the differential equation along
a path xµ(s)
dxµ
ds
DµW [x(s), x(s0)] = 0, (2.88)
with initial condition
W [x(s0), x(s0)] = 1. (2.89)
To solve the differential equation Eq. (2.88), one can follow the regular procedure that
is very familiar in time dependent perturbation theories. First define the following notation
to be used shortly
V (s) ≡ igdx
µ
ds
Aµ(x(s)). (2.90)
Then
dxµ
ds
DµW [x(s), x(s0)] = 0
⇒
(
d
ds
− igdx
µ
ds
Aµ
)
W [x(s), x(s0)] = 0
⇒W [x(s), x(s0)] = 1 +
∫ s
s0
ds1V (s1) +
∫ s
s0
ds1
∫ s1
s0
ds2V (s1)V (s2) + · · · . (2.91)
In general V (s1) and V (s2) might not commute, so
W [x(s), x(s0)] = 1 +
∫ s
s0
ds1V (s1) +
1
2!
P
∫ s
s0
ds1
∫ s
s0
ds2V (s1)V (s2) + · · · , (2.92)
where P is the path order operator that orders the products of V (si)’s so that V (si) is always
on the left side of V (sj) if si > sj. In a more compact fashion
W [x(s), x(s0)] = P exp
[
ig
∫ s
s0
dxµ
ds
Aµ
]
(2.93)
or
W [z, y] = P exp
[
ig
∫ z
y
dxµAµ
]
(2.94)
where the integration is taken along some given path from y to z. For QED
W [z, y] = exp
[
−ie
∫ z
y
dxµAµ
]
, (2.95)
and for QCD
W [z, y] = P exp
[
igs
∫ z
y
dxµAaµT
a
]
. (2.96)
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Following the defining equation (2.88), one immediately finds that under a gauge trans-
formation U(x) the transformation rule Eq. (2.87) is true, by noticing that
dxµ
ds
D′µW
′[x, y] = 0 (2.97)
when plugging in
D′µ = U(x)DµU
−1(x), W ′[x, y] = U(x)W [x, y]U−1(y) (2.98)
and using the uniqueness of the solution of the differential equation (2.88).
In SCET-I, there are two sorts of Wilson lines that are interesting. One of them is the
ultra-soft Wilson line that describes soft radiation and the other one is useful for constructing
collinear gauge invariant objects. Figure 6 shows the radiation of an ultra-soft gluon from a
p
k
M
Figure 6: Radiation of an ultra-soft gluon from a collinear quark.
collinear quark. If the full QCD Feynman rule is used
MFig. 6 = u¯(p)igs/∗(k)
i(/p+ /k +m)
(p+ k)2 −m2M
= −gsu¯(p)2p · 
∗(k) + /∗(k)/k
2p · k M. (2.99)
In the limit where the gluon radiation is soft, i.e., k → 0,
MFig. 6 = u¯(p)
[
−gsp · 
∗(k)
p · k
]
M, (2.100)
where /∗ ≡ /∗aT a. The factor (called the eikonal factor)[
−gsp · 
∗(k)
p · k
]
(2.101)
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Figure 7: Radiation of two gluons from a collinear quark.
is quite universal. For two sequential ultra-soft gluon radiation as shown in Figure 7, the
factor becomes [
(−gs)2p · 
∗(k1)
p · k1
p · ∗(k2)
p · (k1 + k2) + (k1 ↔ k2)
]
(2.102)
It turns out that Eq. (2.101) and (2.102) are parts of ultra-soft Wilson line in the momentum
space. Let the direction of p in Figure 6 be n, then Eq. (2.101) becomes
[
−gs n · 
∗(k)
n · k + i
]
, (2.103)
where it’s important to put back the i for the purpose below. The eikonal factor in Eq.
(2.103) can be immediately obtained with the Lagrangian in Eq. (2.63), whose kinetic term
is in · ∂ and interaction term with ultra-soft gluon is gsξ¯nn ·Asξn. Eq. (2.103) has a k in the
denominator which corresponds to a derivative in the denominator. To deal with it, one can
invoke a simple integral identity (here i is essential)
1
n · k + i = −i
∫ ∞
0
dse[is(n·k+i)]. (2.104)
Then we can rewrite Eq. (2.103) as
[
−gs n · 
∗(k)
n · k + i
]
= igs
∫ ∞
0
dsn · ∗(k)e[is(n·k+i)]
= 〈k|igs
∫ ∞
0
dsn · A(ns)e−s|0〉
= 〈k|P exp
[
igs
∫ ∞
0
dsn · A(ns)e−s
]
|0〉 (2.105)
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where the gluon field Aµ, like its momentum counter part (k), is short for A
a
µT
a. The
remarkable thing is that this could be generalized to the radiation of an arbitrary number
N of gluons
〈k1, k2, · · · , kN |P exp
[
igs
∫ ∞
0
dsn · A(ns)e−s
]
|0〉. (2.106)
Denote
Y †n (x) ≡ P exp
[
igs
∫ ∞
0
dsn · A(x+ ns)e−s
]
, (2.107)
then Y †n (0) describes ultra-soft radiation by an out-going particle along the n-direction. For
incoming particle radiation, the ultra-soft Wilson line is
Y˜n(x) ≡ P exp
[
igs
∫ 0
−∞
dsn · A(x+ ns)e+s
]
, (2.108)
and for out-going and in-coming anti-particles, the corresponding ultra-soft Wilson lines are
Yn and Y˜
†
n , respectively.
Collinear Wilson lines are also useful for building gauge invariant operators. For instance,
let
Wn(x) ≡ P exp
[
igs
∫ 0
−∞
dsn¯ · An(x+ n¯s)e+s
]
, (2.109)
then
χn(x) ≡ W †n(x)ξn (2.110)
and
Aµ ≡ W †n(x)[iDµnW (x)] (2.111)
are invariant under a collinear gauge transformation
Un(x) ≡ exp [iαan(x)T a] . (2.112)
These gauge invariant objects are very convenient as basic building blocks of the effective
theories.
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I II III
nµ → nµ + ∆⊥µ nµ → nµ nµ → eαnµ
n¯µ → n¯µ n¯µ → n¯µ + ⊥µ n¯µ → e−αn¯µ
Table 1: Three types of reparametrization invariance in SCET
2.1.6 Reparameterization Invariance
Reparameterization invariance (RPI) comes from the ambiguity of the way we label fields.
So it is a redundancy our descriptions of the interaction similar to gauge invariance. Similar
to gauge invariance, the requirement of RPI can impose constraints on possible interactions
that can appear in the Lagrangian.
There are three types of RPI related to redefinition of the light-cone vectors n and n¯
that are shown in Table 1. The only restrictions of these redefinitions are that they must
satisfy
n · n¯ = 2, n2 = n¯2 = 0. (2.113)
As an example, for type-I reparameterization,
(nµ + δ
µ)(nµ + δµ) = 0, (nµ + δµ)n¯
µ = 2 (2.114)
and Eq. (2.113) give rise to
δµn
µ = δµn¯
µ = 0. (2.115)
Ignoring δ2 term and denoting δ → ∆⊥ result in type-I transformation in Table 1. Note that
in Table 1, type-I and type-II are infinitesimal transformations while type-III are finite.
These transformations should not upset the power counting of a typical momentum. For
an n-collinear momentum,
n · p→ (n+ ∆⊥) · p ∼ λ2 (2.116)
implies ∆⊥ ∼ λ. Similary ⊥ ∼ λ0 and α ∼ λ0 in Table 1.
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We can also obtain the transformation properties of the fields. For instance, under a
type-I transformation
/n/¯n
4
ξn = ξn ⇒ δIξn =
/∆
⊥
/¯n
4
ξn. (2.117)
RPI restricts the allowed forms of Lagrangians. One can show that the Lagrangian
obtained in Eq. (2.63) is reparameterization invariant. It is also the unique Lagrangian
at leading power that preserves Lorentz invariance, gauge invariance, reparameterization
invariance.
2.1.7 Factorization Theorems
There are enormous applications of SCET to obtaining factorization theorems (applications
in our work are presented in Chapter 3 and 4). In this section, we only discuss the factor-
ization of the Sudakov factor in QCD which is in parallel with the discussion of that for φ3
theory in Section 2.1.2.2.
To discuss the factorization of collinear and ultra-soft mode, the following decoupling
transformation is essential [19]:
ξn(n) = Yn(x)ξ
(0)
n ,
Aµn(x) = Yn(x)A
(0)µ
n Y
†
n (x), (2.118)
where Yn(x) is ultra-soft Wilson lines defined by
Yn(x) ≡ P exp
[
ig
∫ 0
−∞
dsn · Aus(x+ ns)
]
, (2.119)
ξn and An are collinear quark and gluon fields, respectively. Note that in the collinear
Lagrangian Eq. (2.63), the only collinear and ultra-soft interaction comes from the term
ξ¯nin ·D /¯n
2
ξn. (2.120)
Using the defining identity of Wilson line as was discussed in detail in Section 2.1.5,
[n · (∂ − igsAus)Yn(x)] = 0, (2.121)
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Figure 8: Sudakov form factor for QCD.
and applying the redefinition of fields in Eq. (2.118),
ξ¯nin ·D /¯n
2
ξn = ξ¯
(0)
n Y
†
n in ·
[
∂ − igsAus − igsYnA(0)n Y †n
] /¯n
2
Ynξ
(0)
n
= ξ¯(0)n in ·
[
∂ − igsA(0)n
] /¯n
2
ξ(0)n
= ξ¯(0)n in ·D(0)n
/¯n
2
ξ(0)n (2.122)
where
D(0)µn ≡ ∂µ − igsA(0)µn . (2.123)
So with the decoupling transformation Eq. (2.118), the interaction between ultra-soft field
Aus and quark collinear field ξ
(0)
n decouples. This, however, does not mean there is no
interaction between the ultra-soft and collinear sector. We demonstrate this point below by
studying the factorization of the Sudakov form factor in QCD.
To factorize the Sudakov form factor (corresponding to Figure 8), one needs to match
the current operator between full QCD and SCET. For full QCD
JµQCD(x) = ψ¯(x)γ
µψ(x). (2.124)
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This operator should match to the SCET current operator
JµSCET(x) ∼ χ¯n(x)γµ⊥χn¯(x), (2.125)
where χn is the gauge invariant quark jet field defined in Eq. (2.110), χn¯ is a quark jet field
in the opposite direction of n, the reason for ∼ instead of an equality is explained soon, and
only ⊥ components of γµ survive because
/n/¯n
4
χn = χn, χ¯n
/¯n/n
4
= χ¯n. (2.126)
JµSCET corresponds to, for instance, back-to-back two-jet productions. Similar to φ
3 theory,
since ξn(x) is not power suppressed along n¯, i.e.,
(n¯ · ∂)kχn(x) ∼ (n¯ · p)kχn ∼ λ0χn, (2.127)
one should include the operator χn(x + s¯) for all s in the SCET current. Thus one should
match JµQCD to
F µ(x) =
∫
ds
∫
ds′C(s, s′)χ¯n(x+ n¯s)γ
µ
⊥χn¯(x+ ns
′), (2.128)
where C(s, s′) are Wilson coefficients that can be calculated by matching order by order
from full QCD to SCET.
Now apply the decoupling transformation to F µ(x):
F µ(x) =
∫
ds
∫
ds′C(s, s′)χ¯n(x+ n¯s)γ
µ
⊥χn¯(x+ ns
′)
=
∫
ds
∫
ds′C(s, s′)χ¯(0)n (x+ n¯s)Y
†
n (x+ n¯s)γ
µ
⊥Yn¯(x+ n¯s)χ
(0)
n¯ (x+ ns
′). (2.129)
Here is the key point. Since the interaction between ξ(0) field and ultra-soft field Aus decou-
ples, one obtains the following form of factorization4
|〈p, l|F (0)|0〉|2 =
∫
ds
∫
ds′|C(s, s′, µ)|2J (s, s′, µ)S(s, s′, µ), (2.130)
4This formular is somewhat schetchy. Fµ(x) could appear in different processes. For e+e− to 2 jets
events, as an example, one would be interested in evaluating |〈p, l|(k∗)µFµ(0)|0〉|2, where (k∗) is the off-
shell photon (or Z bozon) polarization vector, and obtaining factorization formulae that look like the one in
Eq. (2.130).
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where J comes from matrix elements involving quark jet fields χ(0) along both n and n¯
direction, and S comes from matrix elements of ultra-soft Wilson lines along n and n¯ direc-
tion. So we see explicitly that the decoupling transformation does not get rid of interactions
among different collinear sectors. Instead, the interactions manifest themselves through the
connections to different collinear sectors by the ultra-soft fields Aus. Even though C, J ,
and S appear in Eq. (2.130) with convolutions, the meaning of the factorization is that
C, J , and S have different characteristic scales. One can calculate different functions with
different scales and use renormalization group techniques to resum large logarithms of ratios
of different scales.
2.2 NON-RELATIVISTIC QCD
Non-relativistic QCD (NRQCD) is an effective field theory that was invented to describe
interactions between heavy quarks at low energies, especially the dynamics of quarkonium
bound states [26, 27, 28, 15]. Since relevant energy scales of NRQCD are very close to ΛQCD,
it pushes the applicability of the perturbative QCD to where it begins to breakdown.
2.2.1 NRQCD Power Counting Parameter v
Non-relativistic for NRQCD means that the velocity of heavy quarks under study is
v
c
 1. (2.131)
To estimate the typical relative velocity of a quark inside a quarkonium (charmonium and
bottomonium) state, one can invoke the virial theorem. The potential energy
V (r) ∼ αs
r
, (2.132)
and the kinetical energy
T ∼ 1
2
mQv
2. (2.133)
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cc¯ bb¯ tt¯
M 1.5 GeV 4.7 GeV 180 GeV
Mv 0.9 GeV 1.5 GeV 16 GeV
Table 2: Quarkonium mass and momentum scales [1].
The balance between kinetic and potential energies (virial theorem) reads
2T = V (r) ⇒ mQv2 ∼ αs
r
. (2.134)
Using the uncertainty principle
1
r
∼ p ∼ mQv, (2.135)
one obtains from Eq. (2.134) the estimation of v
v ∼ αs, (2.136)
where αs should be evaluated at mQv. For charmonium, bottomonium, and toponium, the
orders of mQv are shown in Table 2.
Some interesting scales involved in NRQCD include the heavy quark mass scale mQ, the
quark relative momentum inside a quarkonium mQv, the quark kinetic energy mQv
2, and
ΛQCD.
2.2.2 NRQCD Lagrangian
To obtain effective fields for heavy quarks, we work in the Dirac representation Eq. (2.48).
This is convenient since below mQ scale, heavy quark pair production is suppressed. The
starting point is still full QCD
LQ = Q¯(i /D −mQ)Q. (2.137)
To integrate out the hard mode, introduce the following phase redefinition
Q(x) = e−imQt
(
ψ
χ
)
, (2.138)
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which results in
L(ψ, χ) = ψ†iD0ψ + χ†(iD0 + 2mQ)χ− ψ†i~σ · ~Dχ− χ†i~σ · ~Dψ. (2.139)
The field redefinition in Eq. (2.138) effectively shifts mass from quark field ψ to the anti-
quark partner. We can integrate out the massive mode using equation of motion for χ
(iD0 + 2mQ)χ = i~σ · ~Dψ
⇒ χ = 1
iD0 + 2mQ
i~σ · ~Dψ, (2.140)
and find the Lagrangian for quark field ψ
L(ψ) = ψ†iD0ψ − ψ†i~σ · ~D 1
iD0 + 2mQ
i~σ · ~Dψ (2.141)
Expanding in powers of m−1Q
L(ψ) = ψ†(iD0 +
~D2
2mQ
)ψ +
gs
2mQ
ψ†~σ · ~Bψ +O( 1
m2Q
), (2.142)
where
Bi =
1
2
ijkF
jk, with F µν ≡ i
g
[Dµ, Dν ]. (2.143)
One can do a similar field redefinition to integrate out particle mode
Q(x) = eimQt
(
ψ
χ
)
, (2.144)
from which the effective Lagrangian for χ is
L(χ) = χ†(iD0 −
~D2
2mQ
)χ− gs
2mQ
χ†~σ · ~Bχ+O( 1
m2Q
). (2.145)
Note that the NRQCD Lagrangian allows both L(ψ) and L(χ) for quark and anti-quark
fields, respectively, but does not allow heavy quark pair production.
The next step is to figure out the power (velocity v) counting for heavy quark and gluon
fields. Let the normalization of quarkonium bounds state be
〈H|H〉 = 1. (2.146)
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The size of the bound states is of the order∫
d3x ∼ r3 ∼ 1
(mQv)3
, (2.147)
and the quark number operator is
Nˆ =
∫
d3xψ†ψ. (2.148)
So from
〈H|Nˆ |H〉 ∼ 1 (2.149)
one can get the power counting of ψ as
ψ ∼ (mQv)3/2. (2.150)
The power counting of ~D is associated with momentum ~p, so ~D ∼ mQv. Another way of
seeing this is to look at the kinetic energy operator
KineticEnergy =
∫
d3xψ†(x)
~D2
2mQ
ψ(x) ∼ mQv2. (2.151)
Operator Power counting
ψ (mQv)
3/2
χ (mQv)
3/2
D0 mQv
2
~D mQv
gs ~E m
2
Qv
3
gs ~B m
2
Qv
4
gsA0 (in Coulomb gauge) mQv
2
gs ~A (in Coulomb gauge) mQv
3
Table 3: Power counting rules for basic NRQCD operator building blocks [1].
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This, combining with Eq. (2.147) and (2.150), also gives ~D ∼ mQv. Using the equation of
motion
(iD0 +
~D2
2mQ
)ψ(x) = 0 (2.152)
one finds D0 ∼ mQv2.
By this sort of analysis, one can obtain a list of power counting rules for all basic operators
which are shown in Table 3. With this list one can build more complex operators in the
NRQCD Lagrangian and other composite operators. Note that the power counting of Aµ in
Table 3 is dependent on the gauge choice because gauge dependent equation of motion for
Aµ is used for its estimation.
2.2.3 Quarkonium Production and NRQCD Factorization Formalism
The NRQCD factorization formalism works for sufficiently inclusive processes and factorizes
relevant observables into perturbative short distance coefficients that are perturbatively cal-
culable order by order and non-perturbative long distance matrix elements (LDMEs) [27].
LDMEs are supposed to be universal and should be extracted from data. In Chapter 4, we
study quarkonium production in jets which on the one hand uses the factorization formalism
from SCET and on the other hand uses the NRQCD factorization formalism. In particular,
we use the factorized fragmentation functions obtained from NRQCD which describe physics
below heavy quark mass scale mQ.
For quarkonium production in the NRQCD factorization formalism, the short distance
coefficients contain all physics of scales & mQ, i.e., they account for the production of
an quark anti-quark pair. The physics for scales . (mQv) are described by the NRQCD
Lagrangian discussed in Section 2.2.2. So, pictorially, a QQ¯ pair is produced in a space-time
point and this pair evolves to a heavy quark bound state. This evolution is described by the
production operators [27]:
OHn = χ†K′nψ
(∑
X
∑
mJ
|H +X〉〈H +X|
)
ψ†Knχ
= χ†K′nψ
(
a†HaH
)
ψ†Knχ, (2.153)
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where H is the final quarkonium bound state, X includes all final particles except for H, the
dummy indexmJ sums over the 2J+1 spin states ofH, ψ
†Knχ create aQQ¯ pair with different
transformation properties depending on the factor Kn chosen. Kn could be combinations of
spin matrices σi, color matrices T a, and covariant derivatives ~D. For instance, if Kn = 1,
a QQ¯ pair is created by ψ†Knχ that transforms as a spin and color singlet which is usually
denoted as 1S
[1]
0 . Or if Kn = σiT a, a QQ¯ pair is created by ψ†Knχ that transforms as a spin
triplet and color octet which is usually denoted as 3S
[8]
1 .
The NRQCD factorization approach separates cross sections into short distance pieces
and LDMEs:
σ(H) =
∑
n
dn 〈0|OHn |0〉, (2.154)
where dn are short distance coefficients (with scale ≥ mH) that are calculable perturbatively
depending on the process in consideration, and 〈0|OHn |0〉 are nonperturbative LDMEs that
describe evolution of quark anti-quark pairs into quarkonium bound states H. The relative
importance of different LDMEs can be estimated by power counting OHn in terms of relative
velocity v of quarks in the quarkonium center of mass frame based on velocity counting rules
shown in Table 3. Similarly, quarkonium fragmentation functions, which are the probabilities
that a parton decays into a quarkonium and anything else, factorize as follows:
DHq/g =
∑
n
dq/g,n 〈0|OHn |0〉, (2.155)
with dq/g,n calculable short distance coefficients and the LDMEs
〈0|OHn |0〉 (2.156)
are the same LDMEs as those in Eq. (2.154).
The factorized formulae of the form shown in Eq. (2.155) will be used in Chapter 4
for studying quarkonium production in jets. Such analysis in turn serves as a test of the
NRQCD factorization formalism and the universalitities of LDMEs. As an example of Eq.
(2.155) [29, 30], the fragmentation function of J/ψ from a gluon with state 1S
[8]
0 has the
following expression:
D
1S
[8]
0
g (z, 2mc) =
5α2s(2mc)
96m3c
〈Oψ(1S[8]0 )〉(3z − 2z2 + 2(1− z) ln(1− z)), (2.157)
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where the LDME 〈Oψ(1S[8]0 )〉 is non-perturbative and the rest is the perturbatively calculable
coefficient.
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3.0 FRAGMENTATION TO A JET
This chapter is devoted to the study of jets. Sections 3.1 and 3.2 are based on our work
in Refs. [31] and [32], respectively. Each section is self-contained and can be read indepen-
dently.1
In Section 3.1, a function called fragmentation function to a jet (FFJ) is introduced to
describe the inclusive production of a jet from a parton. We use FFJ to study the properties
of jets with small radii. In Section 3.2, FFJ formalism is used further to study the production
of jets in the large z limit where ln(1− z) is resummed.
3.1 FRAGMENTATION OF A JET WITH SMALL RADIUS
3.1.1 Introduction
Jets in high energy collisions have been an important theoretical and experimental probe
of physics for decades. Currently, they are not only important for understanding Quantum
Chromodynamics (QCD), but are crucial in our searches for beyond the Standard Model
physics at the Large Hadron Collider at CERN and will continue to be important for any
future collider that may be built. Understanding the property of jets and being able to
calculate reliable cross sections to compare to data are thus extremely important to current
and future studies in particle physics. Current understanding of jets relies on Monte Carlo
simulations and effective field theories, both of them have been developed very fast during
1To avoid confusion, in this chapter (the same in the next chapter), the reference “section” will specifically
have two index numbers such as Section 3.1 and Section 3.2 while “subsection” has more than two index
numbers such as Subsection 3.1.4 and Subsection 3.2.3.1.
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the past two decades and the work of either of them is far from being finished.
Conceptually, a jet is a collinear set of energetic particles in the detector2. In order to
make this concept concrete, there needs to be some jet algorithm to define how particles are
sorted to be within or outside of the jet. Most jet algorithms use a parameter to differen-
tiate the two sets of particles, often denoted as the jet radius R. When doing theoretical
calculations involving a jet definition, logarithms of this new object occur, lnR, and thus to
make sure that we have perturbative convergence of QCD, choosing R ∼ 1 would be natural.
However, it is sometime useful to investigate narrow jets by choosing a smaller R, since it
can help resolve individual jets, remove pileup, and probe jet substructure. This leads to the
problem of the breakdown of perturbation theory, and requires resummation of lnR. This
has been investigated in QCD in Refs. [33, 34, 35, 36]. Since jets are made up of collinear
particles, soft-collinear effective theory (SCET) [16, 17, 19, 20] is a natural tool to study jets.
Indeed, there have been many studies of lnR resummation within SCET [37, 38, 39, 40].
In this section, we introduce the fragmentation function to a jet (FFJ) in SCET. The
FFJ, DJk/l(z, µ), describes the fragmentation of parton l into a jet with momentum fraction
z containing parton k. We calculate the different possible combinations of quark and gluon
initial and final partons. By summing over final state partons, we obtain the inclusive FFJ,
DJ/l(z, µ), describing the inclusive fragmentation of parton l into a jet. The renormalization
of this object will be shown to lead to the standard Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution with the natural scale dependent on R, and thus we can use this
object and the renormalization group to resum logarithms of R.
We also present a new factorization theorem for the fragmentation of a hadron within
a jet, where the FFJ appears, allowing for the resummation of lnR for this process. We
further generalize this factorization for the situation of a subjet with radius r within a fat
jet of radius R. This allows the resummation of the ratio of these radii, lnR/r.
The organization of this section is as follows. In Subsection 3.1.2, we give the definition
of the FFJ in SCET, and calculate next-to-leading (NLO) corrections. From this we can
derive the renormalization group behavior and see that it is the standard DGLAP evolution.
2depending on the physical processes and jet algorithms, a jet can have an arbitrary number of particles
(including the special case of just having one particle).
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In Subsection 3.1.3 we present the factorization theorem for the fragmentation inside a jet.
Combining this with the renormalization behavior from the previous subsection allows for
resummation of lnR for this process. In Subsection 3.1.4 we consider the subjet fragmenta-
tion from a fat jet. We conclude in Subsection 3.1.5. Finally, in Appendix A.1 we describe
hadron fragmentation inside of a jet, which is very similar to the subjet fragmentation of
Subsection 3.1.4.
Note: While completing this work, Ref. [41] appeared on the arXiv with significant
overlap with Subsection 3.1.2.
3.1.2 Inclusive Jet Fragmentation Function
The definition of the fragmentation function to a jet (FFJ) is similar to the fragmentation
function to a hadron (HFF). In SCET, if a collinear quark, q, fragments to a jet with a
momentum fraction z, the probability is given as
DJk/q(z, µ)
=
∑
X/∈J ,XJ−1
1
2Ncz
∫
dD−2p⊥J Tr〈0|δ
(p+J
z
− P+
)
δ(D−2)(P⊥)n/
2
Ψn|Jk(p+J ,p⊥J , R)X/∈J〉
× 〈Jk(p+J ,p⊥J , R)X/∈J |Ψ¯n|0〉, (3.1)
where Ψn = W
†
nξn, Wn is a collinear Wilson line in SCET [17, 19], and R is the jet radius to
be determined by specific jet algorithm. XJ−1 are the final states included in the observed jet
except the primary jet parton k and X/∈J are final states not included in the jet. Throughout,
we will work in D = 4 − 2ε dimensions, and use the convention, p+ ≡ n · p = p0 + nˆJ · p,
p− ≡ n ·p = p0− nˆJ ·p, where nˆJ is an unit vector in the jet direction. The lightcone vectors
n and n satisfy n2 = n2 = 0 and n · n = 2. Therefore p+ ∼ 2E for a collinear particle in
nˆJ direction. The expression of FFJ in Eq. (3.1) is displayed in the parton frame, where the
transverse momentum of the mother parton, p⊥, is zero.
If we consider FFJ in the jet frame, where the transverse momentum of the observed jet,
p⊥J = 0, we can do the integral on p
⊥
J using the relation p⊥ = −p⊥J /z. As a result we can
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express FFJ as
DJk/q(z, µ) =
∑
X/∈J ,XJ−1
zD−3
2Nc
Tr〈0|δ
(p+J
z
− P+
)n/
2
Ψn|Jk(p+J , R)X/∈J〉〈Jk(p+J , R)X/∈J |Ψ¯n|0〉.
(3.2)
The normalization is chosen so that at lowest order (LO) in αs, the FFJ is given by
D
(0)
Jq/q
(z) =
zD−3
2Nc
Tr
n/
2
p+J
n/
2
δ
(
p+J
z
− p+J
)
·Nc = δ(1− z). (3.3)
Like usual fragmentation functions to hadrons (HFFs), the FFJ satisfies the following mo-
mentum conservation, ∑
k=q,q¯,g
∫ 1
0
dzzDJk/q(z, µ) = 1. (3.4)
When a gluon initiates a jet fragmentation, the gluon FFJ in the parton frame is defined
as
DJk/g(z, µ) =
∑
X/∈J ,XJ−1
1
p+J (D − 2)(N2c − 1)
∫
dD−2p⊥J (3.5)
×Tr〈0|δ
(P+
z
− P+
)
δ(D−2)(P⊥)B⊥µ,an |Jk(p+J ,p⊥J , R)X/∈J〉〈Jk(p+J ,p⊥J , R)X/∈J |B⊥anµ |0〉.
Here B⊥an is a covariant collinear gluon field strength, defined by B⊥µ,an = inρgµν⊥ Gbn,ρνWban =
inρgµν⊥ W†,ban Gbn,ρν , where Wn is the collinear Wilson line in the adjoint representation. It
satisfies
B⊥µn = B⊥µ,an T a =
1
g
W †n
[
n · iDn, iD⊥µn
]
Wn =
1
g
[
P+W †niD⊥µn Wn
]
.
(3.6)
For defining the jet, we will employ an inclusive kT-type algorithm. This is a recombi-
national algorithm, which has the same constraint for kT [42, 43], C/A [44], and anti-kT [45]
up to NLO in αs. If two particles merge into a jet, the constraint is given by
θ < R (e+e− collider), (3.7)
θ <
R
cosh y
(hadron collider), (3.8)
where θ is the angle between two particles, and y is the rapidity that describes the boost of
the jet along the beam axis. For a hadron collider, we assumed ∆y and ∆φ are small, so
Eq. (3.8) is applicable to the jet with small R. When we compute NLO corrections to the jet
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Figure 9: Jet fragmentation at NLO in αs. Diagram (a) shows the jet merging, so the
contribution to FFJ should be proportional to δ(1− z). Diagram (b) shows the jet splitting,
which has a contribution with a fraction z < 1.
algorithm, we will use θ < R′ for the sake of simplicity, where R′ = R for e+e− colliders and
R′ = R/ cosh y for hadron colliders. As we will see later, typical scales for jet functions are
p+ tan(R
′/2). In the small R limit, p+ tan(R′/2) ∼ ER′ are approximated as ER for e+e−
annihilation and pTR for hadron collision, where pT is the transverse momentum of the jet
to the hadron beam direction.
Fig. 9 shows the two possible cases for jet fragmentation. If θ < R′, shown in Fig. 9-(a),
the two particles in the final states are combined into a jet and the jet fraction is proportional
to δ(1− z). In this case the phase space constraint in the jet frame (p⊥J = 0) is given by [46]
tan2
R′
2
>
p+2J k−
(p+J − k+)2k+
. (3.9)
If θ > R′, only one particle is chosen to be in the jet, shown in Fig. 9-(b), hence the jet
splitting arises with the fraction z. The phase space constraint in the jet frame becomes
tan2
R′
2
<
k−
k+
. (3.10)
There appears to be a gap in the phase space between Eqs. (3.9) and (3.10). However
when we express the momentum of the mother parton as p, we have p⊥ = p⊥J = 0 for
Eq. (3.9) but p⊥ = k⊥ for Eq. (3.10) with pJ = p − k. Therefore when we express k− in
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terms of p+ and p
2, k− is different in Eq. (3.9) and (3.10); k− = (1−x)p2/p+ for Eq. (3.9) and
k− = p2/((1− x)p+) for Eq. (3.10), where x = k+/p+. So the right sides of the inequalities
Eqs. (3.9) and (3.10) end up both equaling p2/(x(1 − x)p2+) and there is no gap in phase
space.
3.1.2.1 NLO Calculation of Quark FFJ Following the description in Fig. 9, it is
convenient to separate the full NLO contribution into ‘jet merging’ (θ < R′) and ‘jet splitting’
(θ > R′) contributions. In the jet merging contribution, the momentum of the mother parton
is equal to the jet momentum, pJ . For quark initiated jets, it can be described by
DinJ/q(z;EJR
′) = δ(1− z)
∫ Λ2
0
dM2
1
2Nc p
+
J
(3.11)
×
∑
XJ−1
Tr〈0|δ(M2 − P2)n/
2
Ψn|Jq(p+J , R)〉〈Jq(p+J , R)|Ψ¯n|0〉,
where M2 is the invariant mass of the final states. The gluon case is similarly defined with
B⊥µ,an . Λ2 is the maximal jet mass when θ = R′. As there are two particles in the final state,
Λ2 is usually also dependent of each particle’s energy. This jet merging contribution includes
all the virtual corrections. Therefore combining the real and virtual contributions we can
cancel all the infrared (IR) divergences and the result has only ultraviolet (UV) divergences.
Note that other than the δ(1− z), Eq. (3.11) is closely related to the standard quark jet
function in SCET, defined as
∑
Xn
〈0|Ψαn|Xn〉〈Xn|Ψ¯βn|0〉 =
∫
d4pXn
(2pi)3
p+Xn
n/
2
Jq(p
2
Xn)δ
αβ. (3.12)
Here Jq is normalized as J
(0)
q (p2) = δ(p2) at LO in αs. Using this, we can rewrite Eq. (3.11)
to be
DinJ/q(z;EJR
′) = δ(1− z)
∫ Λ2
0
dM2Jq(M
2; θ < R′) = δ(1− z)Jq(EJR′; θ < R′), (3.13)
where Jq(M
2; θ < R′) is the unintegrated jet function for the final states inside the jet and
Jq is the integrated jet function (also called the unmeasured jet function in Ref [46]). Both
have been computed to NLO in Ref. [46, 47, 48] with kT-type and cone-type algorithms
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applied. When we apply the kT-type algorithm in Eq. (3.7), the jet merging contribution to
NLO is given by
DinJ/q(z;EJR
′) = δ(1− z)
{
1 +
αsCF
2pi
[
1
ε2UV
+
1
εUV
(3
2
+ ln
µ2
p+2J t
2
)
(3.14)
+
3
2
ln
µ2
p+2J t
2
+
1
2
ln2
µ2
p+2J t
2
+
13
2
− 3pi
2
4
]}
,
where t ≡ tan(R′/2) ∼ R′/2.
Note that the renormalization behavior of the unintegrated jet function Jq(M
2; θ < R′)
in Eq. (3.13) is different from the standard jet function without the restriction in Eq. (3.12).
For example, all the UV divergences of the unintegrated jet function are only proportional to
δ(M2) while this is not true for the standard jet function. The main reason for this difference
comes from different treatments of the zero-bin subtraction [49]. For the unintegrated jet
function in the small R limit, the relevant zero-bin subtracted mode should specifically be a
collinear-soft mode [37, 38, 50] with scaling (p+cs, p
⊥
cs, p
−
cs) ∼ Qη(1, R,R2), where η is a small
parameter. This mode can resolve the jet boundary. Since the contribution of this collinear-
soft mode to the jet mass squared is much smaller than M2 ∼ E2JR′2, UV divergences coming
from this mode’s zero-bin subtraction only contribute to the δ(M2) part. The details of the
computation with this collinear-soft mode have been shown in Ref. [48]. However, in case
of the standard jet function, the zero-bin subtracted mode is an ordinary soft mode and its
contribution to the jet mass is non-negligible. For this type of zero-bin subtraction we obtain
UV divergences proportional to 1/M2 as well as δ(M2).
In addition, there have been some complications about the integrability relation between
the unintegrated and the integrated jet functions in Eq. (3.13). When M2 ∼ E2JR′2 in the
small R limit as considered in this section, we can describe the unintegrated jet function using
only the collinear mode scaling as (p+, p⊥, p−) ∼ Q(1, R,R2), resulting in the integrability
relation in Eq. (3.13). However in case of M2  E2JR′2, the integrated jet function is be
obtained from the convolution of the standard-like jet function and the soft function [46],
where the standard-like jet function has the same UV behavior as the standard jet function.
A concrete discussion about these differences can be found in Ref. [38].
51
For the jet splitting contribution, at least one particle in the final state should not be
included in the jet. It therefore can be written as
DoutJk/q(z; p+R
′/2) =
∫ ∞
Λ2
dM2
zD−3
2Nc
(3.15)
×
∑
X/∈J
Tr〈0|δ
(p+J
z
− P+
)
δ(M2 − P2)n/
2
Ψn|JkX/∈J〉〈JkX/∈J |Ψ¯n|0〉,
where p+ = p
+
J /z ∼ 2E = 2EJ/z is two times of mother parton’s energy. At NLO we can
have at most two particles in the final state, so we can further separate this contribution as
quark or gluon jet contributions. For the quark jet contribution, the gluon should be outside
the jet, and vice versa for the gluon jet.
First let us consider the quark jet contribution, where the momentum of the final state
quark is given by pJ . In this case the gluon outside the jet becomes soft as z goes to 1,
leading to an IR singularity in the naive collinear computation unless we subtract the zero-
bin contribution [49]. In order to isolate the singularity as z → 1, we can write the quark
jet contribution as follows:
DoutJq/q(z;ER
′) = δ(1− z)
(∫ 1
0
dz′Dqout(z
′;EJR′)
)
+
[
Dqout(z;ER
′)
]
+
. (3.16)
Here the second term follows the standard plus distribution and is free of IR divergences as
z → 1.
In Fig. 10 we show the quark jet splitting contributions diagrammatically where the gluon
in the final state cannot be merged into a quark jet with momentum pJ . The contribution
of Fig. 10-(a) is given by
D
out,(a)
Jq/q
= 4pig2CFµ
2ε
MS
∫ ∞
Λ2
dM2
p+J
M2
zD−3
1− z
∫
dDk
(2pi)D
δ(k2)δ
(
1− z
z
p+J − k+
)
δ(M2 − p+J k−),
=
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)
∫ ∞
Λ2
dM2
(M2)1+ε
z1−ε(1− z)−1−ε, (3.17)
where µ2
MS
= µ2eγ/(4pi), and Λ is the maximal jet mass for θ = R′,
Λ2 = p+2J t
2 1− z
z
= p2+t
2z(1− z). (3.18)
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pJp
k
pJp
k
p+J = zp+(a) (b)
Figure 10: Feynman diagrams for quark jet splitting contribution at NLO in αs. Here
the dashed lines represent the unitary cuts. The gluon in the final state is outside the jet.
Diagram (a) has its Hermitian conjugate contribution.
As z become close to 1, Eq. (3.17) has IR divergence arising from soft gluon radiation. It is
cancelled by the subtraction of the zero-bin contributions. The diagram Fig. 10-(b) gives
D
out,(b)
Jq/q
= 4pig2CFµ
2ε
MS
(1− ε)
∫ ∞
Λ2
dM2
zD−3k+
M2
∫
dDk
(2pi)D
δ(k2)δ
(
1− z
z
p+J − k+
)
δ(M2 − p+J k−)
=
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)(1− ε)
∫ ∞
Λ2
dM2
(M2)1+ε
z−ε(1− z)1−ε. (3.19)
Including the hermitian conjugate of diagram Fig. 10-(a), the final result for the jet splitting
is Dqout = 2D
q,(a)
out +D
q,(b)
out .
To calculate the part of Eq. (3.16) proportional to δ(1− z), we integrate over z,
∫ 1
0
dzDqout(z;EJR
′) = −αsCF
2pi
[
1
ε2UV
+
1
εUV
(3
2
+ ln
µ2
p+2J t
2
)
(3.20)
+
3
2
ln
µ2
p+2J t
2
+
1
2
ln2
µ2
p+2J t
2
+
13
2
− 3pi
2
4
]
.
Note that in some sense this result is trivial, since the integration of the standard jet function
in Eq. (3.12) gives the result when there is no restriction of the phase space for the final
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state. Because Eq. (3.20) is the same as the integrated jet function for the case θ > R′,
combining it with Jq(EJR′; θ < R′) in Eq. (3.13) we must have
Jq(EJR′, θ > R′) + Jq(EJR′, θ < R′) =
∫ ∞
0
dM2Jq(M
2) = 1. (3.21)
Thus Eq. (3.20) must have the same result up to a relative minus sign compared with the
first order corrections to Jq(EJR′; θ < R′), obtained from Eqs. (3.13) and (3.14).
The remaining contribution [DoutJq/q(z)]+, is
[DoutJq/q(z)]+ = [2D
out,(a)
Jq/q
(z) +D
out,(b)
Jq/q
(z)]+
=
αsCF
2pi
[
1 + z2
1− z
(
1
εUV
+ ln
µ2
p2+t
2
− 2 ln z(1− z)
)
− (1− z)
]
+
. (3.22)
Combining these results, we arrive at D
(1)
Jq/q
, i.e., the one loop correction to the quark parton
to quark jet fragmentation. Using the identity for the plus distribution,
[g(z)h(z)]+ = [g(z)]+h(z)− δ(1− z)
∫ 1
0
dyg(y)
[
h(y)− h(1)
]
, (3.23)
we rewrite the renormalized NLO result as
DJq/q(z, µ;ER
′) = δ(1− z) + αsCF
2pi
{
δ(1− z)
(
3
2
ln µ
2
p2+t
2 +
13
2
− 2pi2
3
)
− (1− z)
+(1 + z2)
[
1
(1−z)+
(
ln µ
2
p2+t
2 − 2 ln z
)
− 2
(
ln(1−z)
1−z
)
+
]}
. (3.24)
We can also compute the contribution for quark parton to gluon jet fragmentation shown
in Fig. 11. In this case the gluon in the final state has the momentum p+J = zp+ and the
quark outside the jet has (1 − z)p+. Therefore the one loop amplitude for z 6= 1 should
satisfy the relation DoutJg/q(z) = D
out
Jq/q
(1− z). Thus the renormalized gluon jet fragmentation
function can be written down immediately,
DJg/q(z, µ;ER
′) =
αsCF
2pi
[
1 + (1− z)2
z
(
ln
µ2
p2+t
2
− 2 ln z(1− z)
)
− z
]
. (3.25)
The NLO result for the quark to inclusive FFJ is DJ/q = DJq/q + DJg/q, combining
Eqs. (3.24) and (3.25). It satisfies the momentum sum rule shown in Eq. (3.4) explicitly.
Note that here we expressed the fragmentation functions in terms of ln(µ2/p2+t
2) rather than
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k k
p ppJ pJ
p+J = zp+(a) (b)
Figure 11: Feynman diagrams for gluon jet splitting contribution at NLO in αs. Here
the dashed lines represent the unitary cuts. The quark in the final state is outside the jet.
Diagram (a) has its Hermitian conjugate contribution.
ln(µ2/p+2J t
2). If we rewrite the fragmentation functions with ln(µ2/p+2J t
2) using the relation
p+ = p
+
J /z, these functions cannot satisfy the sum rule in Eq. (3.4) due to additional terms
of ln z. This fact indicates that the typical scale for the fragmentation function necessary to
minimize the large logarithms with small R is not p+J t ∼ EJR′ but p+t ∼ ER′. For z ∼ O(1),
the scale choice for FFJ between ER and EJR might not be significant. However the proper
choice of the scale can be critical in the small z limit.
3.1.2.2 NLO Calculation of Gluon FFJ As was done for the quark FFJ, we separate
the NLO contributions into jet merging and jet splitting contributions. The jet merging
contribution is proportional to δ(1 − z) and includes the virtual contribution. Similarly to
Eq. (3.13), the jet merging contribution can be expressed as
DinJ/g(z;EJR
′) = δ(1− z)
∫ Λ2
0
dM2Jg(M
2; θ < R′) = δ(1− z)Jg(EJR′; θ < R′), (3.26)
where Jg is the integrated gluon jet function, which to NLO is given by [46, 47, 48]
Jg(EJR′; θ < R′) = 1 + αsCA
2pi
[
1
ε2UV
+
1
εUV
( β0
2CA
+ ln
µ2
p+2J t
2
)
+
β0
2CA
ln
µ2
p+2J t
2
(3.27)
+
1
2
ln2
µ2
p+2J t
2
+
67
9
− 23nf
18CA
− 3pi
2
4
]
,
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(a) (b) (c)
p pJ
k
p+J = zp+
Figure 12: Feynman diagrams for jet splitting contributions to jet fragmentation initiated
by gluon parton. Diagram (a) has its Hermitian conjugate contribution. Diagram (a) and
(b) represents g → Jg splitting, and Diagram (c) for g → Jq splitting.
where CA = Nc = 3, and β0 = 11Nc/3 − 2nf/3 is the first coefficient of beta function and
nf is the number of flavors.
In fig. 12, Feynman diagrams for the jet splitting contributions are presented.3 The
contribution of Diagram 12-(a), including the zero-bin subtraction, is
D
out,(a)
Jg/g
=
αsCA
2pi
{
δ(1− z)
[
− 1
2ε2UV
− 1
2εUV
ln
µ2
p+2J t
2
− 1
4
ln2
µ2
p+2J t
2
+
pi2
24
]
(3.28)
+
( 1
εUV
+ ln
µ2
p2+t
2
)[ z
(1− z)+ +
1− z
z
+
1
2
]
−2
[ z ln z
(1− z)+ + z
( ln(1− z)
1− z
)
+
+ ln[z(1− z)]
(1− z
z
+
1
2
)]}
.
The contributions of Diagram 12-(b) is given by
D
out,(b)
Jg/g
=
αsCA
2pi
(
1
εUV
+ ln
µ2
p2+t
2
− 2 ln[z(1− z)]
)(
2z(1− z)− 1
)
. (3.29)
3When we compute Feynman diagrams, we applied the background field method [51], so that no ghost
diagrams are involved.
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Combining Eqs. (3.26), (3.28), and (3.29), we find NLO result of gluon jet framentation
function from the gluon,
DJg/g(z, µ;ER
′) = DinJ/g + 2D
out,(a)
Jg/g
+D
out,(b)
Jg/g
− UV counter terms
= δ(1− z) + αsCA
2pi
{
δ(1− z)
[ β0
2CA
ln
µ2
p+2J t
2
+
67
9
− 23nf
18CA
− 2pi
2
3
]
+ 2 ln
µ2
p2+t
2
[ z
(1− z)+ +
1− z
z
+ z(1− z)
]
(3.30)
− 4
[ z ln z
(1− z)+ + z
( ln(1− z)
1− z
)
+
+ ln[z(1− z)]
(1− z
z
+ z(1− z)
)]}
.
Diagram 12-(c) contributes to the quark jet fragmentation. The one loop result is given
by
DJq/g(z, µ;ER
′) = Dout,(c)Jq/g − UV counter terms
=
αs
2pi
[(
ln
µ2
p2+t
2
− 2 ln[z(1− z)]
)z2 + (1− z)2
2
− z(1− z)
]
. (3.31)
Note that that Eqs. (3.30) and (3.31) satisfy the momentum conservation sum rule in
Eq. (3.4),
∫ 1
0
dzz
(
[DJg/g(z) + nfDJq/g(z) + nfDJq/g(z)
)
=
∫ 1
0
dzz
(
[DJg/g(z) + 2nfDJq/g(z)
)
= 1.
(3.32)
3.1.2.3 Renormalization Scaling Behavior As can be seen in Eqs. (3.24), (3.25),
(3.30), and (3.31), the renormalization group (RG) scaling behavior of the FFJs follows the
well-known DGLAP evolution,
d
d lnµ
DJl/k(x, µ) =
αs(µ)
pi
∫ 1
x
dz
z
Plm(z)DJm/k(x/z, µ), (3.33)
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where the leading splitting kernels are given by
Pqq(z) = CF
[3
2
δ(1− z) + 1 + z
2
(1− z)+
]
, (3.34)
Pgq(z) = CF
[1 + (1− z)2
z
]
, (3.35)
Pqg(z) =
1
2
[
z2 + (1− z)2], (3.36)
Pgg(z) =
β0
2
δ(1− z) + 2CA
[ z
(1− z)+ +
1− z
z
+ z(1− z)
]
. (3.37)
When we compare the higher order result of the FFJ with the fragmentation of a massless
parton, the size of the jet, ER′, suppresses IR sensitivity of the FFJ while the latter has
IR divergences. However, both have identical UV behaviors, since the UV divergences arise
when the splitting of two particles becomes hard with given large splitting angle.
Comparing to other work, we find that our NLO results for FFJ in Eqs. (3.24), (3.25),
(3.30), and (3.31) are the same as “jet functions”, jk→l, in Ref. [52], where the only difference
is that the logarithmic terms has been expressed as not ER′ but EJR′ = ER′/z. This
removes the ln z term in our expression. However, if we write it this way, we cannot guarantee
the momentum sum rule in Eq. (3.4) as we mentioned before. That might give some subtleties
for the comparison with other approaches to the estimation of FFJ at higher orders [33, 34].
As noted in the introduction, while completing this work, Ref [41] appeared on the arXiv.
The authors have also computed the FFJ at NLO using SCET. The results are the same as
ours, but they have the same expression as appearing in Ref. [52]. They claimed that all the
virtual diagrams vanish because they are scaleless. However, we believe it is important to
carefully separate the UV and IR divergences to obtain a clear picture of the physics. For
example, for the case of the jet merging (in-jet) contribution, only when we combine the
virtual and real contributions can we obtain an IR finite result.
3.1.3 Factorization Theorem for the Fragmentation inside a Jet
To begin, let us consider the scattering cross section with a HFF at a hadron collider:
σ =
∑
k
∫
dwdydpT
dσk
dydpT
DH/k(w)
=
∑
k
∫
dwdydpTdp
H
T
dσk
dydpT
δ(wpkT − pHT )DH/k(w), (3.38)
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where σk is the scattering cross section for the inclusive process with a final parton k,
N1N2 → kX, pT is the transverse momentum of the parton k to beam axis, y is the rapidity
of the parton k, and the rapidity of the hadron can be approximated to be the same as the
parton. The differential scattering cross section for the hadron H is
dσ
dydpHT
=
∑
k
∫ 1
xH
dw
w
dσk(y, xH/w)
dydpT
DH/k(w), (3.39)
where xH = p
H
T /QT and so xH/w = pT/QT , with QT being the maximal possible pT at a
given rapidity.
Next we would like to consider the fragmentation of the hadron inside a jet. In order to
do this we factorize the inclusive HFF,
DH/k(w) =
∑
l
∫ 1
w
dz
z
BJl/k
(w
z
;ER′
)
D˜H/Jl(z;EJR
′), (3.40)
where Jl is the jet with a parton l, and the momentum fractions are defined as z = p
+
H/p
+
J =
pHT /p
J
T and p
+
J /p+ = p
J
T/pT = w/z. BJl/k is the jet splitting kernel from the parton k, and
D˜H/Jl is the hadron fragmentation from Jl.
D˜H/Jl can be computed by the integration of the fragmenting jet function (FJF) [53, 54],
D˜H/Jl(z;EJR
′) =
∫ Λ2
0
dM2JH/l(z,M
2), (3.41)
where the LO parton level FJF is normalized as Jm/l(z,M
2) = δ(1− z)δ(M2)δml. Λ2 is the
maximum jet mass with a given hadron energy fraction z. For a kT-type jet algorithm, it
can be expressed as
Λ2kT = z(1− z)p+2J tan2
(R′
2
)
. (3.42)
The computation of D˜H/Jl(z) at NLO was done in Ref. [55, 56]. We also show the NLO
calculation in Appendix A.1 separating the UV and IR divergences carefully.
BJl/k is the jet splitting kernel from the mother parton k. If we consider the process
k → lm, the contribution to BJl/k comes from the case where the angle between the partons
l and m is larger than R′. Because the convolution of BJl/k and D˜H/Jl includes all possi-
bile fragmentation processes, the result should be the same as the inclusive HFF. However
Eq. (3.40) shows that it is possible to describe the whole fragmentation process with a more
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ppJ
pH
✓ > R0
✓ < R0
Figure 13: Fragmentation process from the parton (p) to the hadron (pH) through the jet
(pJ).
exclusive observable. The perturbative result of BJl/k can be obtained from the matching be-
tween DH/k and D˜H/Jl . In Fig. 13 we show the fragmentation process of the hadron through
a jet schematically.
We can also consider the direct computation of BJl/k based on the calculation of the FFJ
in the previous subsection. From the description above, BJl/k should be
BJl/k(z, µ;ER
′) = δ(1− z)δlk +DoutJl/k(z, µ;ER′), (3.43)
where DoutJl/k(z) is the jet splitting (out-jet) contribution considered in the FFJ calculation.
The typical scale for the jet splitting is p+ tan(R
′/2), which can be approximated as ER′.
Interestingly we find that the perturbative result of the FFJ can be obtained if the higher
order result for the jet merging (in-jet) contribution is added to Eq. (3.43). As shown in
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Eqs. (3.13) and (3.26), the jet merging contribution can be expressed as DinJ/k = δ(1 −
z)Jk(EJR′). Therefore perturbatively we have the relation 4
DJl/k(z, µ;ER
′) = BJl/k(z, µ;ER
′)Jl(µ;EJR′), (3.44)
where the index of the jet parton, l, is not summed over. Note that the factorized result in
Eq. (3.44) has been only confirmed to one loop order. To validate this result beyond NLO,
we would need to check the two loop calculation explicitly, which is beyond the scope of this
work.
On the right side of Eq. (3.44), having Jl rather than Jk makes sense beyond NLO
accuracy. To see this, consider the case with three final partons at NNLO. If all three
particles combine into the jet, the contribution to the FFJ is proportional to δ(1 − z). As
seen in Eq. (3.43), the δlk in BJl/k guarantees the jet merging contribution is the integrated
jet function for the parton k. However, if we consider the process k → lm→ (l1l2)m where
l → l1l2 merged in the jet, this NNLO contribution can be expressed as the multiplication
of M
out,(1)
Jl/k
and J (1)l .5 Here the superscript (1) denotes the contributions at NLO.
If we apply the momentum conservation sum rule for the hadron to D˜H/Jl(z) in Eq. (3.41),
we obtain [55]
∑
H
∫ 1
0
dzzD˜H/Jl(z) =
∫ Λ2
0
dM2
∑
H
∫ 1
0
dzzJH/l(z,M
2) =
∫ Λ2
0
dM2Jl(M
2) = Jl. (3.45)
This also implies the relation of Eq. (3.44). As denoted in Eq. (3.4), the FFJ satisfies the
sum rule. Therefore, when applied to Eq. (3.40), the sum rule for the inclusive HFF is
guaranteed,
∑
H
∫ 1
0
dwwDH/k(w) =
∑
l
∫ 1
0
dxxBJl/k(x)
∑
H
∫ 1
0
dzzD˜H/Jl(z)
=
∑
l
∫ 1
0
dxxBJl/k(x)Jl =
∑
l
∫ 1
0
dxxDJl/k = 1. (3.46)
4This result has been used for the factorization of the jet mass distribution [57].
5We have not considered 3 parton splitting processes at NNLO explicitly. (For the details, see Ref. [58].)
It may complicate the factorization in Eq. (3.44).
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From Eq.(3.45), we see that the normalization of D˜H/Jl is not adequate for a probability.
Dividing D˜H/Jl by the integrate jet function, we can introduce the HFF inside a jet [56]
6
DH/Jl(z;ER
′) =
D˜H/Jl(z, µ;ER
′)
Jl(µ;EJR′) . (3.47)
Note that this HFF inside the jet has no renormalization scale dependence because the
scale dependence for D˜H/Jl is cancelled by Jl. (This can be seen by considering the scale
dependence in Eq. (3.54) below.) Finally combining Eqs. (3.44) and (3.47) we can rewrite
Eq. (3.40) as
DH/k(w, µ) =
∑
l
∫ 1
w
dz
z
DJl/k
(w
z
, µ;ER′
)
DH/Jl(z;EJR
′). (3.48)
Like a hadron, a jet is also an observable. So it is useful to consider the differential scat-
tering cross section observing the jet and hadron simultaneously. To derive the factorization
theorem we combine Eq. (3.39) with Eq. (3.48)
dσ
dydpHT
=
∑
k,l
∫ 1
xH
dw
w
dσk(y, xH/w)
dydpT
×
∫ 1
w
dz
z
∫
dpJT δ(xJQT − pJT )DJl/k
(w
z
)
DH/Jl(z), (3.49)
where xJ = p
J
T/QT , and we put in the identity 1 =
∫
dpJT δ(xJQT − pJT ). The delta function
becomes
δ(xJQT − pJT ) =
1
QT
δ
(
xJ − xH
z
)
=
z2
xHQT
δ
(
z − xH
xJ
)
. (3.50)
Therefore the differential scattering cross section for the jet and the hadron inside the jet
can be written as
dσ
dydpJTdp
H
T
=
∑
k,l
∫ 1
xH
dw
w
dσk(y, pT/QT )
dydpT
z
xHQT
DJl/k
(
pJT
pT
)
DH/Jl(z)
=
∑
k,l
∫ 1
xJ
dx
x
dσk(y, pT/QT = xJ/x)
dydpT
z
xHQT
DJl/k(x)DH/Jl(z). (3.51)
In the second equality we introduced the variable x = pJT/pT = w/z, hence∫ 1
xH
dw
w
=
∫ 1
xJ
dx
x
. (3.52)
6In Ref. [56], this HFF inside the jet has been called as a jet fragmentation function (JFF).
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Finally we have7
dσ
dydpJTdz
=
∑
k,l
∫ 1
xJ
dx
x
dσk(y, xJ/x)
dydpT
DJl/k(x)DH/Jl(z). (3.53)
The factorization theorem in Eq. (3.53) is very useful. For example, instead of the
observed hadron, we can consider a subjet inside a fat jet. In this case the factorization
theorem becomes
dσ
dydpJTdz
=
∑
k,l
∫ 1
xJ
dx
x
dσk(y, xJ/x)
dydpT
DJl/k(x)Dj/Jl(z), (3.54)
where z is the momentum fraction of the subjet j compared to the fat jet J given by
z = p+j /p
+
J = p
j
T/p
J
T and Dj/Jl is the subjet fragramentation function inside the fat jet. We
investigate this more in the following subsection.
3.1.4 Subjet Fragmentation inside a Fat jet
For the description of the subjet fragmentation function (sJFF) inside a jet, Dj/Jl in Eq. (3.54),
the parton splitting within a fat jet (J) with the radius R only is taken into account. It has
a restricted phase space for collinear particle radiations compared to the fully inclusive FFJ.
As with the HFF inside a jet defined in Eq. (3.47), sFFJ can be written as
Dj/Jl(z;R
′/r′) =
D˜j/Jl(z, µ;EJR
′, R′/r′)
Jl(µ;EJR′) , (3.55)
where r′ is the maximal subjet radius. As we will see, the normalized sJFF, Dj/Jl , has no
scale dependence except the coupling constant, but depends on the logarithm of R′/r′.
The naive unnormalized sJFF, D˜j/Jl , is described by
D˜jk/Jq(z, µ) =
zD−3
2Nc
∑
Xj−1,X/∈j
Tr〈0|δ(p+j
z
− P+
)n/
2
Ψn|jk(p+j , r)X/∈j ∈ J(p+J , R)〉 (3.56)
×〈jk(p+j , r)X/∈j ∈ J(p+J , R)|Ψ¯n|0〉,
where jk represents the subjet with parton k, and r is its radius, Xj−1 is possible final states
within the subjet except the parton k, and X/∈j are the final states not to be included in the
7In Ref. [52], the similar factorization theorem has been analyzed from the full NLO calculation. We can
clearly see the similarity if we express DH/Jl as Eq. (A.19) when µ EJR′.
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k
(a) (b) p+j = zp
+
J
pj pj
Figure 14: Feynman diagrams of real gluon emissions for the subjet quark fragmentation
inside a jet at NLO. Diagram (a) has its Hermitian conjugate contribution.
subjet, but contained in the jet J . The gluon-initiated sJFF can be expressed similarly in
terms of B⊥an in the adjoint representation.
When we consider the one loop corrections, we will separate the corrections into in-subjet
and out-subjet contributions as in Subsection 3.1.2. With the same reasoning as Eq. (3.14),
we obtain the in-subjet contribution including the virtual corrections,
Din(z;EJr
′) = δ(1− z)
{
1 +
αsCF
2pi
[
1
ε2UV
+
1
εUV
(3
2
+ ln
µ2
p+2J t
2
r
)
(3.57)
+
3
2
ln
µ2
p+2J t
2
r
+
1
2
ln2
µ2
p+2J t
2
r
+
13
2
− 3pi
2
4
]}
,
where tr ≡ tan(r′/2) ∼ r′/2.
The out-subjet contribution comes from real radiations with r′ < θ < R′. The naive
collinear contribution from the Feynman diagram in Fig. 14-(a) is
D˜
(a)
out(z) =
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)
∫ p+2J t2Rz(1−z)
p+2J t
2
rz(1−z)
dM2
(M2)1+ε
z1−ε(1− z)−1−ε (3.58)
= I˜
(a)
outδ(1− z) +
[
D
(a)
out(z)
]
+
,
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where tR ≡ tan(R′/2) ∼ R′/2, and the tilde represents the result before zero-bin subtractions.
I˜
(a)
out is can be extracted by integrating over z,
I˜
(a)
out =
∫ 1
0
dzD˜
(a)
out(z) =
αsCF
2pi
[( 1
2εIR
+ 1
)
ln
t2r
t2R
+
1
4
(
ln2
µ2
p+2J t
2
R
− ln2 µ
2
p+2J t
2
r
)]
. (3.59)
Here IR divergence arises as z → 1, which is cancelled by the zero-bin contribution,
D
(a)
out,0(z) =
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)δ(1− z)
∫ ∞
0
dk+k
−1−ε
+
∫ t2Rk+
t2rk+
k−1−ε−
=
αsCF
2pi
[
1
2
( 1
εUV
− 1
εIR
)
ln
t2R
t2r
]
δ(1− z). (3.60)
Hence the IR divergence in Eq. (3.59) is converted to a UV divergence by the zero-bin
subtraction. [D
(a)
out(z)]+ is free from IR divergence as z → 1 and is given by[
D
(a)
out(z)
]
+
=
αsCF
2pi
[ z
1− z
]
+
ln
t2R
t2r
. (3.61)
The out-subjet contribution from diagram Fig. 14-(b) is
D
(b)
out(z) =
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)(1− ε)
∫ p+2J t2Rz(1−z)
p+2J t
2
rz(1−z)
dM2
(M2)1+ε
z−ε(1− z)1−ε (3.62)
= I
(b)
outδ(1− z) +
[
D
(b)
out(z)
]
+
,
where the terms in the second line are
I
(b)
out =
∫ 1
0
dzD
(b)
out(z) =
αsCF
2pi
(
1
2
ln
t2R
t2r
)
, (3.63)[
D
(b)
out(z)
]
+
=
αsCF
2pi
(1− z)+ ln t
2
R
t2r
. (3.64)
Finally combining Eqs. (3.57), (3.59), (3.60), (3.61), (3.63), and (3.64), we obtain bare
NLO result for the naive sJFF:
D˜jq/Jq(z, µ) = Din(z) + 2
[
D˜
(a)
out(z)−D(a)out,0(z)
]
+D
(b)
out(z)
= δ(1− z)
{
1 +
αsCF
2pi
[
1
ε2UV
+
1
εUV
(3
2
+ ln
µ2
p+2J t
2
R
)
+
3
2
ln
µ2
p+2J t
2
R
+
1
2
ln2
µ2
p+2J t
2
R
+
13
2
− 3pi
2
4
]}
+
αsCF
2pi
[1 + z2
1− z
]
+
ln
t2R
t2r
. (3.65)
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Therefore normalized sJFF can be written as
Djq/Jq(z) =
D˜jq/Jq(z;EJR
′, r′/R′)
Jq(µ;EJR′) = δ(1− z) +
αsCF
2pi
[3
2
δ(1− z) + 1 + z
2
(1− z)+
]
ln
t2R
t2r
= δ(1− z) + αs
2pi
Pqq(z) ln
t2R
t2r
. (3.66)
The gluon subjet framentation function from a quark jet can be easily computed. From
Eqs. (3.61) and (3.64), exchanging z ↔ 1− z and removing ‘+’-distribution we obtain
Djg/Jq(z, µ) = 2D
(a)
out,g/q(z)+D
(b)
out,g/q(z) =
αsCF
2pi
1 + (1− z)2
z
ln
t2R
t2r
=
αs
2pi
Pgq(z) ln
t2R
t2r
. (3.67)
In a similar manner can compute the sJFFs from the gluon jet. They are given by
Djg/Jg(z) = δ(1− z) +
αs
2pi
Pgg(z) ln
t2R
t2r
, (3.68)
Djq/Jg(z) =
αs
2pi
Pqg(z) ln
t2R
t2r
. (3.69)
If tR  tr, the perturbative series expansion fails, and we need to resum the large
logarithms of tR/tr to all order in αs. To do this, first we integrate out the mode with
fluctuations of order p2 ∼ p+2J t2R. Then, at the lower scale µ ∼ p+J tr, we consider the
sJFF setting the upper limit p+J tR → ∞. Therefore, similar to Eq. (A.19), we obtain the
factorization theorem for the subjet fragmentation function
Djl/Jk(z;R
′/r′) =
∫ 1
z
dx
x
Km/k(z/x, µ;EJR
′)Djl/m(x, µ;EJr
′). (3.70)
Here Djl/m is the standard FFJ for the subjet within the radius r and the momentum of
the mother parton is given by pJ . The perturbative result is the same as the result in
Subsection 3.1.2 with the replacement E → EJ and R′ → r′.
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The peturbative kernels Km/k are the matching coefficients between Djl/Jk and Djl/m
and are the result of integrating out the short distance interactions with offshellness E2JR
′2.
They are
Kq/q(z, µ) = δ(1− z)− αs
2pi
{
Pqq(z) ln
µ2
p+2J t
2
R
+ CF
[
δ(1− z)
(13
2
− 2pi
2
3
)
− (1− z)
−2(1 + z2)
(
ln z
(1− z)+ +
( ln(1− z)
1− z
)
+
)]}
, (3.71)
Kg/q(z, µ) = −αs
2pi
[
Pgq(z)
(
ln
µ2
p+2J t
2
R
− 2 ln z(1− z)
)
− zCF
]
, (3.72)
Kg/g(z, µ) = δ(1− z)− αs
2pi
{
Pgg(z) ln
µ2
p+2J t
2
R
+ CA
[
δ(1− z)
(67
9
− 23nf
18CA
− 2pi
2
3
)
−4
[ z ln z
(1− z)+ + z
( ln(1− z)
1− z
)
+
+ ln[z(1− z)]
(1− z
z
+ z(1− z)
)]]}
, (3.73)
Kq/g(z, µ) = −αs
2pi
[
Pqg(z)
(
ln
µ2
p+2J t
2
R
− 2 ln[z(1− z)]
)
− z(1− z)
]
. (3.74)
The above results are very interesting. If we replace p+J with the mother parton’s momen-
tum, p+, we see that the NLO results of Km/k are the same as NLO corrections to the FFJ
with a relative minus sign given in as can be seen from from Eqs. (3.24), (3.25), (3.30), and
(3.31). Also, we can see that the sJFF is free from the specific momentum of mother parton,
only depending upon the momentum ratio. So, even though there is not much physical mean-
ing, at the computation level we may rewrite Eq. (3.70) as Dj/J(R
′/r′) = K(ER′)⊗Dj(Er′),
with ⊗ is the convolution of the momentum fraction and we show the compatible scale for
each function where the compatible scale X appears in ln(µ2/X2) in the NLO calculation.
Based on the results for the factorization theorem in Subsection 3.1.3, let us consider an
inclusive scattering cross section for the jet, j with the radius r in e+e− annihilation. The
scattering cross section is schematically given by
(
dσ
dEj
)
m
=
(
dσ
dE
)
k
⊗ [Dj(Er)]km =
(
dσ
dE
)
k
⊗ [DJ(ER)]kl ⊗ [Dj/J(R/r)]lm, (3.75)
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where the subscripts k, l, and m denote parton flavors, which are summed for the same
indices. [DJ ]kl represents DJl/k, and [Dj/J ]lm = Djm/Jl . As discussed below Eq. (3.74)
[Dj/J(R/r)]km = [K(EJR)]kl ⊗ [Dj(EJr)]lm = [K(ER)]kl ⊗ [Dj(Er)]lm, where [K]kl = Kl/k.
Hence Eq. (3.75) can be written as(
dσ
dE
)
k
⊗ [Dj(Er)]kn =
(
dσ
dE
)
k
⊗ [DJ(ER)]kl ⊗ [K(ER)]lm ⊗ [Dj(Er)]mn
=
(
dσ
dE
)
k
⊗ [DJ(ER)]kl ⊗ [D−1J (ER)]lm ⊗ [Dj(Er)]mn (3.76)
=
(
dσ
dE
)
m
⊗ [Dj(Er)]mn.
This result implies that K(ER) represents the inverse process of jet fragmentation. This
fact demonstrates our observation that the NLO correction to K putting p+ instead of p
+
J is
the same as FFJ with the relative minus sign.
Whatever the momentum of the mother parton is, the NLO corrections to FFJ satisfies
the sum rule: ∑
l
∫ 1
0
dzzD
(1)
Jl/k
(z) = 0, (3.77)
where again the superscript (1) denotes the NLO correction. Therefore the perturbative
kernel Km/k satisfies the momentum conservation sum rule
∑
m
∫ 1
0
dzzKm/k(z) = 1. (3.78)
3.1.5 Conclusions
In this section we introduce the fragmentation function to a jet (FFJ), DJk/l(z, µ), which
describes the fragmentation of a parton l into a jet with momentum fraction z with parton
k. This new object naturally appears in factorized rates when considering the jet radius, R,
dependence. To show this, we present a factorization theorem using SCET describing the
rate for observing a fragmented hadron and a jet, which is the convolution of the partonic
cross section, the FFJ, and the fragmentation of a hadron within a jet as shown in Eq. (3.53).
In order to resum the logarithms of R, we need the evolution equations for the FFJ. We
calculate the NLO corrections for all combinations of quark and gluon initiated to quark
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and gluon final state FFJs, and present the results in Eqs. (3.24), (3.25), (3.30), and (3.31).
The one loop results of the FFJs satisfy the usual DGLAP evolution equations as seen in
Eqs. (3.34-3.37). This allows for the resummation of lnR using standard RGE evolutions.
The formalism can be easily generalized to look at other interesting observables. As an
example, we show how this formalism can be used to describe a subjet within a fat jet in
Eq. (3.54). This allows for the resummation of ratio of the radii of the jets. Using this
improved theoretical prediction, we have a better theoretical description of this observable,
which may be used to investigate jet substructure as shown in Eqs. (3.66-3.69).
3.2 FRAGMENTATION TO A JET IN THE LARGE Z LIMIT
3.2.1 Introduction
The fragmentation function (FF) [59] which describes an energetic splitting process for a final
state is a very important ingredient in understanding high energy jet and hadron productions.
Using the FF we can systematically separate short and long distance interactions related to
the productions. For instance an inclusive hadron production for e+e− annihilation can be
factorized as
dσ(e+e− → hX)
dEh
=
∫ 1
zh
dz
z
dσi(zh/z, µ)
dEi
Dh/i(z, µ), (3.79)
where i denotes the flavor of the produced parton, zh = 2Eh/Q, and z = Eh/Ei. Here
Q is the center of the mass energy of the collision. The partonic scattering cross section
σi includes hard interactions for e
+e− → iX. Long distance interactions to describe the
fragmenting process from the parton i to the hadron h are involved in the FF, Dh/i(z). The
FF is universal in the sense that it is given independently of the hard process and can be
applied to other scattering processes. Hence for a long time so many efforts have been made
in order to understand the FF deeply (For details we refer to a recent review [60] and the
references therein.).
Because we can directly observe a jet using well defined jet algorithms such as ones intro-
duced in Refs. [42, 43, 44, 61, 45], it is also possible to employ the fragmentation function to
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a jet (FFJ) instead of a hadron as far as the jet radius R is enough small [33]. Moreover, once
the FFJ for the isolated jet is given, we can systematically investigate its substructures (e.g.
hadron and subjet fragmentations [55, 62, 52, 56, 31, 63], and jet mass [57] and transverse
momentum [64, 65] distributions) constructing factorization theorems in connection with the
fragmenting jet functions [53, 54, 66].
Analytical results of the FFJ have been calculated up to the next-to-leading order in
αs [52, 41, 31]. Unlike the hadron FF, the FFJ does not have any infrared (IR) divergence
because of the finite size of the jet radius R. However the presence of large logarithms of the
small R does not give a reliable result in perturbation theory and require the resummation
to all order in αs. As shown in Refs. [33, 52, 41, 31], resumming logarithms of R is equiva-
lent to scaling down to µ ∼ QR using Dokshitzer-Gribov-Lipatov-Altarelli-Parisi evolution
(DGLAP) equations. This resummed result of the FFJ has been successfully applied to
inclusive jet [41, 34] and hadron [63] productions, where the effects of various values of R
have been investigated in detail.
If we observe a highly energetic jet, we might see that most of energetic splitting processes
are captured within the jet radius R since these processes favor narrower angle radiations.
This implies that large z region gives a dominant contribution to the FFJ, where z is the jet
energy fraction over a mother parton energy. Accordingly, in the perturbative result of the
FFJ there present large logarithms of 1− z, which need to be resummed to all order in αs.
Actually at one loop order there appears a double logarithm such as ln(1−z)/(1−z)+ ∼ L2,
where L is a schematic large logarithm. At the accuracy of leading logarithm (LL), it can
be resummed as
∑
k=0Ck(αsL
2)k ∼ exp(Lf0(αsL)), which give a dominant correction to the
perturbative expansion of the FFJ.
So for a proper description on the FFJ in the large z limit we have to systematically
handle large logarithms of 1 − z as well as R. In general if some quantity involves sev-
eral distinct scales or large logarithms we try to factorize it in order that each factorized
part be well described at the scale chosen suitably. Then performing evolutions between
largely separated scales, we can properly resum large logarithms. For these purposes we
use soft-collinear effective theory (SCET) [16, 17, 19, 20]. SCET provides an appropriate
framework for factorization and enable us to resum large logarithms automatically solving
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renormalization group (RG) equations for factorized parts.
Near the endpoint where z → 1, we expect the FFJ consists of two dynamics with
well separated scales. Since an observed jet has most of energy from a mother parton, the
radiation outside the jet should be a soft one with an energy ∼ EJ(1 − z). Therefore the
jet splitting process can be delineated by soft dynamics, while the inside of the jet can be
described dominantly by collinear interactions. However, in the effective theory approach
wide angle soft interactions are not adequate for explaining the radiation outside the narrow
jet because they cannot effectively recognize the jet boundary characterized by small radius
R. Instead, we introduce more refined soft mode, namely the collinear-soft mode [50], which
can resolve the narrow jet boundary and describe the out-jet radiations with lower energy
consistently. In SCET there have been successful applications of the collinear-soft mode to
factorize the cross sections for a narrow jet at low energy scale [37, 38, 39, 40].
In this section we construct a factorization theorem for the FFJ near the endpoint con-
sidering collinear and collinear-soft interactions.8 Then we try to resum large logarithms
of 1 − z and R simultaneously. In Subsection 3.2.2 we discuss the characteristics of large
z physics for the FFJ and factorize it into the collinear and the collinear-soft part. Then,
through NLO calculation of each factorized part we confirm our factorized result. In Sub-
section 3.2.3, based on the factorization, we resum the large logarithms performing RG
evolutions of each factorized part. We also discuss large nonglobal logarithms (NGLs) which
possibly contribute to the accuracy of NLL. In Subsection 3.2.4 the numerical results of
the FFJ to the accuracy of NLL plus NLO in αs are shown. In Subsection 3.2.5 finally we
conclude and show our outlook.
8 In a strict sense our factorization theorem would hold up to NLO in αs. Beyond NLO, large nonglobal
logarithms (NGLs) [67, 68] which are relevant to restricted jet phase space might appear and require some
modification of our factorization theorem here.
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3.2.2 The FFJ in the limit z → 1
First we review the FFJs defined in the previous section:
DJk/q(z, µ) =
∑
X/∈J ,XJ−1
zD−3
2Nc
Tr〈0|δ
(p+J
z
− P+
)n/
2
Ψn|Jk(p+J , R)X/∈J〉 (3.80)
×〈Jk(p+J , R)X/∈J |Ψ¯n|0〉,
DJk/g(z, µ) =
∑
X/∈J ,XJ−1
zD−3
p+J (D − 2)(N2c − 1)
(3.81)
×Tr〈0|δ
(P+
z
− P+
)
B⊥µ,an |Jk(p+J , R)X/∈J〉〈Jk(p+J , R)X/∈J |B⊥anµ |0〉.
Here Ψn = W
†
nξn and B⊥µ,an = inρgµν⊥ Gbn,ρνWban = inρgµν⊥ W†,ban Gbn,ρν are gauge invariant
collinear quark and gluon field strength respectively. Wn (Wn) is a collinear Wilson line
in fundamental (adjoint) representation [17, 19]. These collinear fields to describe the jet
splitting have a momentum scaling, pµn = (p+, p⊥, p−) = Q(1, λ, λ
2), where λ is a small
parameter comparable to small jet radius R. p± are denoted as p+ ≡ n · p = p0 + nˆJ · p and
p− ≡ n · p = p0 − nˆJ · p, where nˆJ is an unit vector in the jet direction and two lightcone
vectors nµ = (1, nˆJ) and n
µ = (1,−nˆJ) have been employed. The expressions for the FFJs
in Eqs. (3.80) and (3.81) are valid for the jet frame where the transverse momentum of the
observed jet, p⊥J , is given by zero.
For the specific algorithm to define jet, we will consider inclusive kT-type algorithm [42,
43, 44, 45], where merging condition of two light particles are given as
θ < R′. (3.82)
Here θ is the angle of the two particles, and R′ = R for e+e− collider and R′ = R/ cosh y,
where y ∼ O(1) is the rapidity for the central region.
The definitions of the FFJs in Eq. (3.80) and (3.81) hold for z ∼ O(1), but not reliable
near the endpoint where z goes to 1. In the limit z → 1, the observed jet takes most of
energy from the mother parton and hence the jet splitting (out-jet) contributions should be
described by soft gluon radiations. If 1−z is power counted as O(η) with η  1, the relevant
soft mode would have a momentum scaling such as k ∼ (k+, k⊥, k−) ∼ Q(η, η, η). However,
in case of small R, for the proper resummation of lnR, we need a mode to recognize the jet
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boundary expressed in terms of R. This mode would have a lower resolution than the soft
mode while k+ component remains to be power counted as O(η). Because the jet merging
criterion for the soft gluon radiation is given as [46]
tan2
R′
2
>
k−
k+ ,
(3.83)
the proper mode should allow the hierarchy, k− ∼ k+λ2  k+, where λ ∼ R. Thus this mode
should have a scaling, k ∼ Qη(1, λ, λ2). From now we will call this mode as the collinear-soft
mode.
We can consistently separate the usual soft mode ∼ Q(η, η, η) and the collinear-soft mode
as considered in dijet scattering cross section [37, 38]. Also the separation of the collinear-soft
mode from collinear fields has been performed in the formulation of SCET+ [50]. Because
the collinear-soft mode can be considered as a subset of the usual soft mode, we have to
subtract some overlapped the collinear-soft contribution from the soft contribution in loop
calculations similarly with the zero-bin subtraction [49].
If we apply this process to the FFJ with z → 1, we see that the soft contributions can be
cancelled by the collinear-soft subtractions. Since the soft mode with a scaling (k+, k−) ∼
Q(η, η) cannot identify the jet boundary in Eq. (3.83), the real soft gluon radiations do not
contribute to the in-jet contribution to JFF at all, while the out-jet contribution from real
radiations covers the full phase space of (k+, k−). Thus, without dependence of R, the total
soft contributions should be expressed as a function of 1 − z, namely S(1 − z). For the
collinear-soft contribution to be subtracted from the soft contribution, we have to apply the
same boundary conditions for the soft mode. Hence the real collinear-soft radiations have
the only out-jet contributions, which are the same as the case of the soft mode. Therefore the
net result of the collinear-soft contributions to be subtracted should be the same as S(1−z),
which cancels the soft contribution.
Finally we have a remaining active collinear-soft mode at lower energy scale. When
we apply this to the FFJ, we have to keep the jet boundary constraint in Eq. (3.83). As
a result the active collinear-soft contributions can be expressed in terms of 1 − z and R
simultaneously. As we will see, the one loop collinear-soft contributions involve the double
logarithms of lnµ/((1 − z)EJR′). This fact indicates that the collinear-soft interactions
73
are responsible for large logarithms of 1 − z and its resummation would give a dominant
contribution to the FFJ near the endpoint.
3.2.2.1 Factorization of the FFJ when z → 1 With the reasoning in the above, we
can systematically extend the FFJs to the endpoint region including the collinear-soft inter-
actions. We first decouple the soft mode ∼ Q(η, η, η) from the collinear mode ∼ Q(1, R,R2).
Then we introduce the collinear-soft mode ∼ Qη(1, R,R2) in the collinear sector classifying
collinear and collinear-soft gluons such as Aµn → Aµn+Aµn,cs. Accordingly the covariant deriva-
tive in the collinear sector can be decomposed as iDµ = iDµc +iD
µ
cs = Pµ+gAµn+i∂µ+gAµn,cs,
where Pµ (i∂µ) returns collinear (soft-collinear) momentum. In this decomposition, the com-
mutation relations, [Pµ, Aνn,cs] = [∂µ, Aνn] = 0, holds. For the factorization of the FFJ, our
strategy is simple: After the decomposition into the collinear and the collinear-soft modes,
we first integrate out collinear interactions with p2c ∼ Q2R2 inside a jet. As we will see, this
gives an integrated jet function inside a jet. Then at the lower scale µcs ∼ QηR we will
consider the collinear-soft interactions for the jet splitting.
As performed in Ref. [50], at the low energy we can additionally introduce so called ‘ultra-
collinear’ modes after integrating out collinear interactions with offshellness p2c ∼ Q2R2.
These modes have the same order of energy as the collinear mode, but their fluctuations are
much smaller than Q2R2. Then at the low energy scale an external collinear field φ(= ξ, A)n
would be matched onto the ultra-collinear fields such as φn = φn1 + φn2 + · · · , where the
lightcone vectors ni=1,2,··· might reside inside the jet with radius R. Note that collinear
interactions between different ultra-collinear modes are forbidden since we already integrate
out the large collinear fluctuations ∼ Q2R2. Moreover, as these ultra-collinear modes do very
thin collinear interactions, they cannot resolve the jet boundary. Therefore their interactions
do not contribute to the FFJs at least to NLO in αs. So for simplicity we will not consider
ultra-collinear interactions in the FFJ. However, if we have a more refined jet observable to
be identified by these mode we have to include them.
Adding the collinear-soft mode, for example, the FFJ with a quark initiation can be
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more generically expressed as
DJk/q(z, µ) =
∑
X/∈J ,XJ−1
zD−3
2Nc
Tr〈0|δ
(p+J
z
− n · iD
)n/
2
ξn|Jk(p+J , R)X/∈J〉〈Jk(p+J , R)X/∈J |ξ¯n|0〉.
(3.84)
When it compared to Eq. (3.80), Wnδ(p
+
J /z−P+)W †n = δ(p+J /z− n · iDc) has been replaced
with δ(p+J /z − n · iD) in Eq. (3.84).
In order to satisfy gauge invariances at each order in λ ∼ O(R) and η, taking the similar
procedure considered in Ref. [69] we redefine the collinear gluon field such as
Aµn = Aˆ
µ
n + Wˆn[iD
µ
cs, Wˆ
†
n], (3.85)
where Aˆn are newly defined collinear gluon fields and Wˆn is the collinear Wilson line expressed
in terms of Aˆn. As a consequence the covariant derivative in Eq. (3.84) can be rewritten as
iDµ = iDµc +WniD
µ
csW
†
n, (3.86)
where collinear fields in the right side are the redefined fields and we removed the hat for
simplicity. Employing Eq. (3.86), the delta function in Eq. (3.84) can be rewritten as
δ
(p+J
z
− n · iD
)
= Wnδ
(p+J
z
− P+ − n · iDcs
)
W †n . (3.87)
Similarly with decoupling leading ultrasoft interactions from collinear fields [19], we can
remove collinear-soft interactions through the term gn ·Acs in the Lagrangian of the collinear
sector. For this, collinear quark and gluon fields can be additionally redefined such that
ξn → Y csn ξn, Aµn → Y csn AµnY cs†n , (3.88)
where Y csn is the collinear-soft Wilson line to satisfy n · iDcsYn = Y csn n · i∂, and has a similar
form with usual soft Wilson lines [19, 70] such as
Y csn (x) = P exp
[
ig
∫ ∞
x
dsn · Acs(sn)
]
.
(3.89)
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Using Eqs. (3.86) and (3.88) we can rewrite Eq. (3.84) as
DJk/q(z, µ) =
∑
X/∈J ,XJ−1
zD−3
2Nc
Tr〈0|δ
(p+J
z
− P+ − i∂+
)n/
2
Y sc†n Y
sc
n W
†
nξn|Jk(p+J , R)X/∈J〉
×〈Jk(p+J , R)X/∈J |ξ¯nWnY sc†n Y scn |0〉, (3.90)
where we used the relation n·iDcs = Y csn i∂+Y cs†n and Y csn has the same form as Eq. (3.89) with
replacement of n→ n. We also used the crossing symmetry such as φ · · · |Xφ〉 = 〈Xφ| · · ·φ,
where φ = Wn, Y
cs
n . The FFJ in Eq. (3.90) can describe the both regions of ordinary z and
z → 1. If z is ordinary, i.e., z ∼ O(1) and not too close to 1, we can suppress i∂+ in the
argument of the delta function because p+J /z − P+ ∼ O(Q) is power counted much larger
than i∂+ ∼ O(Qη). Thus the collinear-soft Wilson lines are cancelled by unitarity and we
recover the form in Eq. (3.80). However, in the region z → 1, p+J /z −P+ becomes the same
size as i∂+. Hence we cannot ignore the term i∂+ in the delta function, which gives nonzero
contributions of collinear-soft interactions.
Since P+ returns collinear (label) momentum in Eq. (3.90), P+ can be fixed as p+J near
the endpoint. It also means that collinear interactions are relevant to only jet merging (in-
jet) contribution to the FFJ. Therefore the FFJ in the limit z → 1 can be expressed as
9
DJq/q(z → 1, µ)
=
∑
X/∈J ,XJ−1
zD−3
2Nc
Tr〈0|Y cs†n Y csn
n/
2
W †nξn|Jq(p+J , R)X/∈J〉
×〈Jq(p+J , R)X/∈J |ξ¯nWnδ
(p+J
z
− P†+ + i∂+
)
Y cs†n Y
cs
n |0〉
=
∑
Xc∈J
1
2Nc
Tr〈0|n/
2
W †nξn|qXc ∈ J〉〈qXc ∈ J |ξ¯nWn|0〉 ·
∑
Xcs
1
Nc
Tr〈0|Y cs†n Y csn |Xcs〉
×〈Xsc|δ
(
(1− z)p+J + Θ(θ −R′)i∂+
)
Y cs†n Y
cs
n |0〉, (3.91)
where Θ is the step function and we reorganized the final states in the first equality as the
collinear states (qXc) in the jet and collinear-soft states Xcs in order to factorize collinear
9Note that the splitting q → Jg in the limit z → 1 is power suppressed by O(1 − z) compared to the
splitting q → Jq. For q → Jg, the splitted parton away from the observed jet is the soft-collinear quark,
which gives a power suppression of O(η) compared to the soft-collinear gluon radiation. Also in case of the
gluon splitting, g → Jg is dominant for the same reason.
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and collinear-soft interactions. In the second equality we fixed the collinear label momentum
P† as p+J . And then we put the jet splitting constraint in front of i∂+ because only out-jet
collinear-soft radiations gives a nonzero contribution for the region z < 1. From Eq. (3.83),
the jet splitting constraint Θ(θ − R′) is equivalent to tan2R′/2 < k−/k+, where k is the
collinear-soft momentum.
Eq. (3.91) shows that the quark FFJ in the limit z → 1 is factorized as
DJq/q(z → 1, µ;EJR′, (1− z)EJR′) = Jq(µ;EJR′, θ < R′) · Sq(z, µ; (1− z)EJR′), (3.92)
where Jq is the integrated jet function for the in-jet contribution and defined as
Jq(µ;EJR′, θ < R′) =
∑
Xc∈J
1
2Nc p
+
J
Tr〈0|n/
2
W †nξn|qXc ∈ J(EJ , R′)〉〈qXc ∈ J |ξ¯nWn|0〉. (3.93)
Sq is the dimensionless collinear-soft function. When we rewrite Sq = p
+
J S˜q, the dimensionful
collinear-soft function S˜q can be expressed as
S˜q(`+, µ; `+t) =
∑
Xcs
1
Nc
Tr〈0|Y cs†n Y csn |Xcs〉〈Xcs|δ
(
`+ + Θ(θ −R′)i∂+
)
Y cs†n Y
cs
n |0〉, (3.94)
where t ≡ tanR′/2, and `+t is the scale to minimize large logarithms in the higher order
corrections as we will see later.
Using the adjoint representation and taking a similar proedure with the quark case, we
also have the factorization formula for the gluon FFJ such that
DJg/g(z → 1, µ) = Jg(µ;EJR′, θ < R′) · Sg(z, µ; (1− z)EJR′), (3.95)
where Jg is the integrated jet function for gluon. And Sg is the collinear-soft function defined
similarly with Eq.(3.94), where the Wilson lines in the adjoint representation can be used
instead of Y csn,n.
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3.2.2.2 NLO calculation of the FFJ near the endpoint The integrated jet functions
shown in Eqs. (3.92) and (3.95) has been explicitly computed at NLO [47, 46, 48] and partially
computed at NNLO [38, 39]. The NLO results with the constraint of Eq. (3.82) read
Jq(µ;EJR′, θ < R′) = 1 + αsCF
2pi
[
3
2
ln
µ2
p+2J t
2
+
1
2
ln2
µ2
p+2J t
2
+
13
2
− 3pi
2
4
]
,
(3.96)
Jq(µ;EJR′, θ < R′) = 1 + αsCA
2pi
[
1
ε2UV
+
1
εUV
( β0
2CA
+ ln
µ2
p+2J t
2
)
+
β0
2CA
ln
µ2
p+2J t
2
+
1
2
ln2
µ2
p+2J t
2
+
67
9
− 23nf
18CA
− 3pi
2
4
]
,
(3.97)
where p+J t ∼ EJR′, β0 = 11Nc/3− 2nf/3, CA = Nc = 3, nf is the number of flavors.
For NLO computation of the collinear-soft function in Eq. (3.94) we consider virtual and
real gluon contributions respectively. When we separate ultraviolet (UV) and infrared (IR)
divergences carefully, the virtual contributions are given by
MSV = −
αsCF
pi
( 1
εUV
− 1
εIR
)2
δ(`+). (3.98)
The real contributions at one loop can be written as
MSR =
αsCF
pi
(µ2eγE)
Γ(1− )
∫ ∞
0
dk+dk−(k+k−)−1−
[
δ(`+ − k+)Θ(k− − t2k+)
+δ(`+)Θ(t
2k+ − k−)
]
≡MSR1 +MSR2, (3.99)
where k is the momentum of the outgoing collinear-soft gluon and MSR1 (M
S
R2) indicates the
contribution from the first (second) term in the bracket.
In Fig. 15 we show the possible phase space for the emitted soft-collinear gluon after the
integration on k⊥. MSR2 covers lower region from the jet border line (k− = t
2k+). Hence the
result is obtained as
MSR2 =
αsCF
pi
(µ2eγE)
Γ(1− )δ(`+)
∫ ∞
0
dk+
∫ t2k+
0
dk−(k+k−)−1−
=
αsCF
2pi
[(
1
εUV
− 1
εIR
)2
−
(
1
εUV
− 1
εIR
)
ln t2
]
δ(`+). (3.100)
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k  = t2k+
k+
k 
out  jet (✓ > R0)
in  jet (✓ < R0)
`+ ⇤+
Figure 15: Phase space for the real gluon emission in the soft function. In (k+, k−) plane
the region above the border line k− = t2k+ gives out-jet contribution and the region in the
below gives in-jet contribution. Λ+ is the maximum value for the distribution of `+ and can
be chosen arbitrarily.
For MSR1, k+ has been fixed as `+, and the possible phase space has been denoted as a
blue line in the upper plane in Fig 15. However we need to extract IR divergences as `+ → 0.
In order to do that, we introduce so called Λ+-distribution, which is defined as∫ L
0
d`+[g(`+)]Λ+f(`+) =
∫ L
0
d`+g(`+)f(`+)−
∫ Λ+
0
d`+g(`+)f(0), (3.101)
where f(`+) is an arbitrary smooth function at `+ = 0. Λ+ is an arbitrary upper limit for
Λ+-distribution and power counted to have the same size as `+. Using the distribution we
can write MSR1 such that
MSR1 =
αsCF
pi
(µ2eγE)
Γ(1− ) `
−1−
+
∫ ∞
t2`+
dk−k−1−−
= δ(`+)IR1(Λ+, t) +
αsCF
pi
(µ2eγE)
Γ(1− )
[
`−1−+
∫ ∞
t2`+
k−1−−
]
Λ+,
(3.102)
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where the integration region for IR1 is corresponding to a green region in Fig. 15. It is
computed as
IR1 =
αsCF
pi
(µ2eγE)
Γ(1− )
[∫ ∞
0
dk+
∫ ∞
t2k+
dk−(k+k−)−1− −
∫ ∞
Λ+
dk+
∫ ∞
t2k+
dk−(k+k−)−1−
]
=
αsCF
2pi
[(
1
UV
− 1
IR
)2
+
(
1
UV
− 1
IR
)
ln t2 (3.103)
−
(
1
ε2UV
+
1
εUV
ln
µ2
Λ2+t
2
+
1
2
ln2
µ2
Λ2+t
2
− pi
2
12
)]
.
The second term in Eq. (3.102) is given by
αsCF
pi
(µ2eγE)
Γ(1− )
[
`−1−+
∫ ∞
t2`+
k−1−−
]
Λ+
=
αsCF
pi
[
1
`+
( 1
εUV
+ ln
µ2
`2+t
2
)]
Λ+.
(3.104)
Finally combining Eqs. (3.98), (3.100), (3.103) and (3.104) we obtain the bare one loop
result of S˜q such as
MS = M
S
V +M
S
R1 +M
S
R2
=
αsCF
pi
{
δ(`+)
(
− 1
2ε2UV
− 1
2εUV
ln
µ2
Λ2+t
2
− 1
4
ln2
µ2
Λ2+t
2
+
pi2
24
)
(3.105)
+
[
1
`+
( 1
εUV
+ ln
µ2
`2+t
2
)]
Λ+
}
.
The one loop result of the collinear-soft function for gluon FFJ is the same if we replace CF
with CA = Nc in Eq. (3.105).
Since the dimensionless soft-collinear function, Sk=q,g(z) = p
+
J S˜k(`+), is the function of z,
we need to express Λ+-distribution as the standard plus distribution of z. From Eq. (3.101)
we obtain the relation
[g˜(`+)]Λ+ =
1
p+J
[g(z)]+ +
1
p+J
δ(1− z)
∫ b
0
dz′g(z′), (3.106)
where `+ = p
+
J (1 − z) and g(z) = p+J g˜(`+). Also in Λ+-distribution Λ+ has been replaced
with p+J (1− b), where b is a dimensionless parameter close to 1.
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After all the dimensionless soft-collinear functions at NLO can be written as follows:
Sk=q,g(z, µ; (1− z)EJR′) = δ(1− z) + αsCk
2pi
{
δ(1− z)
(
−1
2
ln2
µ2
p+2J t
2
+
pi2
12
)
+2
[ 1
(1− z)
(
ln
µ2
p+2J t
2
− 2 ln(1− z)
)]
+
}
,
(3.107)
where Cq = CF and Cg = CA. As seen in Eqs. (3.105) and (3.107), the scale for the soft-
collinear function to minimize the large logarithms is given as (1− z)EJR′. So in the limit
z → 1 the scale evolution to (1− z)EJR′ with double logarithms is inevitable for the precise
estimation of the FFJ. In Eqs. (3.92) and (3.95) we have shown the factorization theorem
near the endpoint. Combining Eqs. (3.96), (3.97) and (3.107) we can easily check that the
fixed NLO result of Eqs. (3.92) and (3.95) can recover the NLO results of FFJs for the full
range [31, 52, 41] when we take the limit z → 1.
3.2.3 Renormalization Group Evolution and Resummation of Large Logarithms
3.2.3.1 RG evolution from the factorization of the FFJ Based on the factorized
results in Eqs. (3.92) and (3.95), we can systematically resum the large logarithms such
as lnR and ln(1 − z) in the FFJ through renormalization group (RG) evolutions of the
integrated jet function Jk and the collinear-soft functions Sk. The FFJ in the limit z → 1
can be factorized at an arbitrary factorization scale µf . Then Jk can be evolved from µf
to collinear scale µc ∼ EJR′, where the large logarithms at the higher order in αs are
minimized and the purtabative expansion is safely convergent. Also we can evolve Sk from
µf to µcs ∼ (1 − z)EJR′ to minimize the large logarithms at µcs. Because the fixed order
results of the integrated jet function at µc and the collinear-soft function at µcs do not involve
large logarithms any more, RG evolutions from µf to µc and µcs can automatically include
resuming whole large logarithms, and the final result can be expressed as an exponentiation
form of the large logarithms.
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Anomalous dimensions of the integrated jet functions and the collinear-soft functions are
described as
d
d lnµ
Jk(µ) = γc,k(µ)Jk(µ)(µ), (3.108)
d
d lnµ
Sk(x, µ)(µ) =
∫ 1
x
dz
z
γcs,k(z, µ)Sk(x/z, µ), (3.109)
where k = q, g. From Eqs. (3.96), (3.97), and (3.107), the anomalous dimensions at one
loop are given as
γ(0)c,q =
αsCF
2pi
(
2 ln
µ2
E2JR
′2 + 3
)
,
γ(0)c,g =
αsCA
2pi
(
2 ln
µ2
E2JR
′2 +
β0
CA
)
,
(3.110)
γ
(0)
cs,k(z) =
αsCk
2pi
(
−2 ln µ
2
E2JR
′2 δ(1− z) +
4
(1− z)+
)
, (3.111)
where p+J t is approximated as EJR
′. When we sum Eqs. (3.110) and (3.111), the logarithmic
terms are cancelled and the well-known DGLAP splitting kernels in the limit z → 1 are
reproduced such as
αs
pi
P
(0)
kk (z → 1) = δ(1− z)γ(0)c,k + γ(0)cs,k(z). (3.112)
Logarithmic terms in the leading anomalous dimensions indicate the presence of the cusp
anomalous dimension. Beyond leading logarithmic (LL) accuracy the anomalous dimensions
can be expressed as
γc,k = AcΓC,k(αs) ln
µ2
E2JR
′2 + γˆc,k(αs), (3.113)
γcs,k(z) = δ(1− z)
[
AcsΓC,k(αs) ln
µ2
E2JR
′2 + γˆcs,k(αs)
]
− κcsAcsΓC,k(αs)
(1− z)+ ,
(3.114)
where ΓC,k =
∑
n=0 Γn,k(αs/4pi)
n+1 are the cusp anomalous dimensions obtained from calcu-
lations of the light like Wilson loops [71, 72]. The first two coefficients are given by
Γ0,k = 4Ck, Γ1,q = 4Ck
[(67
9
− pi
2
3
)
CA − 10
9
nf
]
.
(3.115)
From LO results in Eqs. (3.110) and (3.111) we extract {Ac, Acs, κcs} = {1,−1, 2} and the
noncusp anomalous dimensions such as γˆc,q = 3αsCF/(2pi)+O(α2s), γˆc,g = αsβ0/(2pi)+O(α2s),
and γˆcs,k = O(α2s).
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Using Eqs. (3.113) and (3.114) we perform RG evolutions of the integrated jet functions
and the collinear-soft functions up to next-to-leading logarithmic (NLL) accruarcy. For Jk
the result of RG evolution from µf to µ can be written as
Jk(µf ) = exp
[
2AcSΓ(µf , µc) + Ac ln
µ2f
E2JR
′2a[ΓC,k](µf , µc) + a[γˆc,k](µf , µc)
]
Jk(µc). (3.116)
Here SΓ and a[f ] are expressed as
SΓ(µf , µc) =
∫ αf
αc
dαs
b(αs)
ΓC,k(αs)
∫ αs
αf
dα′s
b(α′s)
, a[f ](µf , µc) =
∫ αf
αc
dαs
b(αs)
f(αs), (3.117)
where αf,c ≡ αs(µf,c) and b(αs) = dαs/(d lnµ) is QCD beta function.
For the evolution of Sk, following the conventional method introduced in Refs. [73, 74]
we obtain
Sk(z, µf ) = exp
[
2AcsSΓ(µf , µcs) + a[γˆcs,k](µf , µcs)
]( µ2f
E2JR
′2
)−ηS/κcs
(3.118)
× S¯k
[
ln
µ2cs
E2JR
′2 − 2∂ηS
]e−γEηS
Γ(ηS)
(1− z)(−1+ηS),
where ηS is defined as ηS = −κcsAcsa[ΓC,k](µf , µcs) and given by a positive number for
µf > µcs. S¯k is obtained as
S¯k[L] = 1 +
αsCk
2pi
(
−1
2
L2 − pi
2
4
)
+O(α2s). (3.119)
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3.2.3.2 Contribution of nonglobal logarithms When we extend the factorized result
of the FFJ to the two loop or the higher order in αs, one important issue is the presence of
nonglobal logarithms (NGLs) [67, 68]. Usually the NGLs appears when jet observables only
reflect a limited phase space due to a jet algorithm, and arises from multiple gluon radiations
near the jet boundary. Especially when there are large energy differences of the radiated
gluons between to in-jet and to out-jet, the large NGLs are unavoidable.
In case of the FFJ near the endpoint there are two modes to resolve a jet boundary
and to give nonvanishing contributions: the collinear mode with a large energy certainly
radiates only inside a jet, and the collinear-soft mode to radiate across a jet boundary gives
a nonvanishing result of 1− z at the lower energy scale. So we properly guess there can exist
the large NGLs in the FFJ in the large z limit.
In order to systematically resum the large NGLs, we expect our factorization theorem
be modified because it is designed to resum global Sudakov logarithms. For inclusion of
resummation of NGLs in the effective theory approach, from two loop order we might have
to consider dressed collinear-soft gluons decoupled from a (ultra-)collinear gluon in a certain
direction inside a jet, which might give a new dipole operator other than Y csn,n at the lower
energy. We will not pursue such a refined factorization theorem here, but we mention that
some advanced treatments of the NGLs have been recently introduced in Refs. [37, 39, 75,
76, 77, 78, 79].
The NGL in FFJ would take the same form as the endpoint logarithms, ln(1 − z), and
it can be inferred from the scale ratio between the typical collinear scale µc ∼ EJR′ and
the collinear-soft scale µcs ∼ (1− z)ER′. As seen in the threshold expansion of inclusive jet
production [80], leading NGL starts to appear at two loop as α2sL
2 ∼ α2s(ln(1− z)/(1− z))+,
where L denotes a large logarithm schematically. So at NLL accuracy we have to resum
these leading NGLs to all order in αs such as
∑
n=2C
n
NG(αsL)
n.
In case of hemisphere jet mass distribution in e+e− annihilation, the resummed result of
leading NGLs has been known in the large Nc limit [67]. Interestingly the resummed result
of leading NGLs for an individual narrow jet is found to have the same form as the case of
hemisphere jet mass, and the only difference simply arises from evolution scales to be chosen
suitably [81, 82]. Therefore, using the result in Ref. [67] we guess the resummed result of
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leading NGLs for the FFJ in the large Nc limit such as
∆kNG(µc, µcs) = exp
(
−CACkpi
2
3
(1 + (at)2
1 + (bt)c
)
t2
)
,
(3.120)
where k = q, g, and
t =
1
β0
ln
αs(µcs)
αs(µc)
∼ − 1
β0
ln
(
1− β0
4pi
αs(µc) ln
µ2c
µ2cs
)
.
(3.121)
The fit parameters from the Monte Carlo implementation of the parton-shower are given as
a = 0.85CA, b = 0.86CA, c = 1.33 [67].
Up to NLL accuracy (plus NLO in αs), the resummation factor for NGLs in Eq. (3.120)
can be practically multiplied to the resummed results of the FFJ in the previous subsection,
where the resummed expressions of Jk=q,g and Sk=q,g are shown in Eqs. (3.116) and (3.118)
respectively. In the next subsection we show various numerical results of the FFJ in the large
z region comparing the results using only DGLAP evolutions and our resummed results of
the large logarithms as well as the NGLs.
3.2.4 Numerical Results
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Figure 16: DJq/q(z) (left panel) and DJg/g(z) (right panel) with different jet energies. Red,
blue, and black curves correspond to jet energy EJ equal to 500, 1000, and 2000 GeV,
respectively. Jet radius is chosen as R = 0.2 and the factorization scale is set as µf = EJ .
Error estimation is described in the text.
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Figure 17: DJq/q(z) (left panel) and DJg/g(z) (right panel) with different jet radii. Red,
blue, and black curves correspond to jet radius R equal to 0.1, 0.2, and 0.4 respectively. Jet
energy are given as EJ = 1000 GeV and the factorization scale is set as µf = EJ .
In this subsection we show numerical results of the resummed FFJ focusing on the large z
region. As shown in Subsection 3.2.3.1, in order to resum large logarithms in DJk=q,g/k(z, µf ),
the integrated jet functions Jk are run from the jet scale µc = ER to µf , and the collinear-
soft functions Sk from µcs = ER(1− z) to µf . Because the FFJ is dependent upon the scale
µf (actually follows DGLAP evolutions.), the shape of the FFJ varies from the choice of µf .
For convenience we choose µf = EJ throughout this subsection. Error estimations of the
jet and the collinear-soft functions are obtained by varying the jet scale and the collinear-
soft scale within (µc/2, 2µc) and (µcs/2, 2µcs) respectively. Then errors of DJk/k((z, µf ) are
obtained by summing in quadrature.
Based on the factorized expressions in Eqs. (3.92) and (3.95), Fig. 16 shows NLLG + NLO
results of DJq/q and DJg/g for different energies of jets with jet radius R = 0.2. Here NLLG
represents the NLL accuracy including only global large logarithms from the factorization
approach in Subsection 3.2.3.1. For the extreme endpoint region where µcs = EJR(1− z) ≈
ΛQCD, our description is not reliable because of nonperturbative contributions. Fig. 17 shows
NLLG + NLO results of DJq/q and DJg/g for different jet radii with the jet energy fixed as
1000 GeV. From Figs. 16 and 17 we can see the tendencies that energetic parton showering
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processes are captured more in the jet as the jet energy EJ and/or the radius R become
larger.
To see the importance of the factorization description on the FFJs, in Fig. 18 we com-
pare the resummed results at NLLG + NLO and the result using leading DGLAP evolution
naively from NLO result in the fixed αs. Here using only DGLAP evolution from µc = EJR
to µf = EJ can be understood as resumming only large logarithms of R. As z goes to 1,
the resummed results of only lnR become large. However, when we do DGLAP evolution
from µc = EJR(1 − z) to µf = EJ , we can see more realistic results. Compared with our
factorization approach with accuracy of NLLG + NLO, both DGLAP evolved results involve
much large uncertainties.
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Figure 18: Comparison of the result using leading DGLAP evolution and the resummed
result at NLLG + NLO from the factorization approach. The orange (green) curves are
obtained using leading DGLAP evolution with FFJs running from µc = EJR (µcs = EJR(1−
z)) to µf = EJ . Blue curves are the resummed result of the FFJs. R = 0.2, EJ = 1000 GeV.
Fig. 19 shows the resummed result of the FFJs with accuracy of NLLG+NG + NLO in-
cluding leading NGLs discussed in Subsection 3.2.3.2. It can be obtained by multiplication
of ∆k=q,gNG (µc, µcs) in Eq. (3.120) to the FFJ with NLLG + NLO. The result including leading
NGLs gives rise to some suppression to FFJs. The similar suppression can be also seen
in the light jet mass distribution for the hemisphere jet production when NLL resummed
results with and without NGLs are compared [79]. Because of additional dependences on
both µc and µcs from ∆
k=q,g
NG (µc, µcs), the result with NGLs increases the errors. That might
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be reduced if we include the NNLO result at the fixed order in αs, which is beyond the scope
our current work.
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Figure 19: Comparison of the resummed results with (blue) and without resumming the
NGLs (orange). Here R = 0.2 and EJ = 1000 GeV.
There is one more comment about error estimations used above. Since µcs = EJR(1− z)
is z dependent and bound to hit the Landau pole as z → 1, we have used the following
profile function10 to avoid the Landau pole:
µcs,PF (z) = (1 +
δ
1 + exp[(z − z1)/(1− z1)])
(1− z)µc if z < z1µMin + a(1− z)2 if z ≥ z1 , (3.122)
where µMin = 0.3, µc = EJR, a and z1 are fixed by requiring that µcs,PF (z) and it’s first
derivative are continuous at z = z1. δ = {0,−0.5, 1} are used for collinear-soft scale variations
and the error estimation due to them. µcs,PF (z) is devised to ensure that the collinear-soft
scale freezes as it approaches the Landau pole and coincide with µcs(z) otherwise.
3.2.5 Conclusion and Outlook
In this section, as shown in Eqs. (3.92) and (3.95), we have developed a factorization theorem
of the FFJ with a small R in the large z limit. At the scale µ ∼ EJR′ we first integrate
10The profile function provides a smooth transition to non-perturbative regions, and the choice of the form
of the function is purely empirical. Ref. to e.g., [83].
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Figure 20: Profile function µcs,PF (solid black curve and gray band, defined in Eq. (3.122) )
is used to estimate errors due to variation of the collinear-soft scale. The dashed line is the
z dependent collinear-soft scale µc(1− z). µc = 200 GeV.
out a collinear mode with offshellness p2c ∼ (EJR′)2, and obtain the integrated jet functions,
Jq,g. At the lower scale µ ∼ (1− z)EJR′ the collinear-soft mode to read a jet boundary can
be active and gives a nonvanishing result at the higher order in αs. Combining NLO results
of the integrated jet function and the collinear-soft function we can successfully reproduce
NLO result of the FFJ in the limit z → 1. The anomalous dimension of each factorized
function involves the cusp anomalous dimension, which enables us to systematically resum
large logarithms beyond the leading accuracy. As a result we have shown the resummed result
to NLL accuracy, which significantly modifies the large z behavior of the FFJ compared with
a naive DGLAP evolution.
We observe that the finite size of the jet radius R plays an important role in performing
successful RG evolution of the FFJ in the large z limit. Even though R is small, this makes it
possible that an observed jet has a nonzero invariant mass and each factorized function for the
FFJ remains to be IR finite. Some similar things happen in the heavy quark fragmentation
function (HQFF) in the large z limit, where the HQFF can be factorized as the heavy quark
function and the soft shape function [84, 85]. Due to a nonzero heavy quark mass M , the
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both functions can be IR finite and systematic RG evolution to the scales M and M(1− z)
can be done.
Note that the FFJ can be reduced to a light hadron fragmentation function if R goes to
zero. In this case the factorization to collinear and collinear-soft interactions breaks because
the relevant anomalous dimensions diverge and RG evolutions become nonperturbative as
checked from Eqs. (3.110) and (3.111). A similar result can be applied to the parton distribu-
tion function (PDF) near the endpoint. Actually in order to resum large logarithm ln(1− z)
in the PDF a similar factorization approach to ours has been considered in Ref. [86], where
soft gluon radiations are only responsible for the parton splitting. Interestingly the factor-
ized collinear and soft functions for the PDF contain the rapidity divergences as well as UV
divergences. However the rapidity RG evolution turns out to be IR sensitive and become
nonperturbative. We also checked if there exist the rapidity divergence in the factorized
functions for the FFJ, but the presence of the finite size of R forbids the rapidity divergences
and guarantees ordinary RG evolutions from pure UV divergences.
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4.0 STUDIES OF QUARKONIUM PRODUCTION IN A JET
This chapter is devoted to the study of quarkonium production in jets. It is based on our work
in Refs. [87], [88], and [89]. Each section is self-contained and can be read independently.1
In Section 4.1, we use both Monte Carlo simulations and analytic methods to study
heavy meson and quarkonium production in jets with certain jet shapes characterized by
a parameter called angularity. In Section 4.2, we generalize our work in Section 4.1 to
proton collisions and compare our analysis with data measured by the LHCb collaboration.
In Section 4.3, we discuss jet energy dependence for quarkonium production in jets and
show that measurement of such observables could shed light on quarkonium production
mechanisms.
4.1 ANALYTIC AND MONTE CARLO STUDIES OF JETS WITH HEAVY
MESONS AND QUARKONIA
4.1.1 Introduction
The study of jets and heavy flavor continues to play an important role at the Large Hadron
Collider (LHC) and many other high energy and nuclear experiments. Such studies are
essential for testing our understanding of Quantum Chromodynamics (QCD) and for calcu-
lating backgrounds in searches for new physics. In this section we calculate cross sections for
e+e− to jets, where one of the jets contains a hadron with either open or hidden heavy flavor.
1To avoid confusion, in this chapter (just like the previous chapter), the reference “section” will specifically
have two index numbers such as Section 4.1 and Section 4.3 while “subsection” has more than two index
numbers such as Subsection 4.1.5 and Subsection 4.3.3.1.
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In particular, we will derive factorization theorems and perform analytical Next-to-Leading-
Log prime (NLL’) resummation2 for these cross sections using renormalization group (RG)
techniques. We will also compare our results with Monte Carlo simulations of the same cross
sections.
Recently, there has been considerable interest in cross sections of this type [53, 91, 54, 92,
55, 93, 94, 62, 52, 56]. Ref. [53] demonstrated that the cross section for producing a jet with
an identified hadron can be determined using a distribution function called the fragmenting
jet function (FJF). FJFs are in turn related to the more commonly studied fragmentation
functions (FFs) by a matching calculation at the jet energy scale. This implies that cross
sections for jets with an identified hadron provide a new arena to measure FFs, which are
more commonly extracted from the semi-inclusive cross section e+e− → H + X. Especially
important is that this provides an opportunity to extract gluon FFs [52, 56], since quark FFs
are more readily studied in e+e− → H+X. In addition, it was recently shown in Ref. [62] that
since the FFs for quarkonia production can be calculated in the Non-Relativistic Quantum
Chromodynamics (NRQCD) factorization formalism [27], FJFs can be used to make novel
tests of quarkonium production theory.
The FJF was first introduced in Ref. [53] whose main results can be summarized as
follows:
• A factorization theorem for a jet with an identified hadron, H, is obtained from the
factorization theorem for a jet cross section by the replacement
Ji(s, µ)→ 1
2(2pi)3
GHi (s, z, µ)dz, (4.1)
where Ji(s, µ) is the jet function for a jet with invariant mass s initiated by parton i, and
the renormalization scale is µ. The FJF, denoted GHi (s, z, µ), additionally depends on
the fraction z of the jet energy that is carried by the identified hadron. These functions
implicitly depend on the jet clustering algorithm and cone size R used to define the jets.
It is also possible to define jet functions and FJFs that depend on the total energy of
the jet rather than the invariant mass [55].
2NLL’ includes NLL resummation for each function in the factorization theorem, where all functions are
computed to NLO [90].
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• The FJFs, GHi (s, z, µ), are related to the well-known FFs, DHi (z, µ), by the formulae
GHi (s, z, µ) =
∑
j
∫ 1
z
dz′
z′
Jij(s, z′, µ)DHj (z/z′, µ) +O
(
Λ2QCD/s
)
, (4.2)
where the coefficients Jij(s, z, µ) are perturbatively calculable matching coefficients whose
large logs are minimized at the jet scale, s, and are calculated to NLO in Ref. [54]. For
heavy quarks the Jij(s, z, µ) have been calculated to O(α2s) in Ref. [94].
• These matching coefficients obey the sum rule
Ji(s, µ) =
1
2(2pi)3
∑
j
∫ 1
0
dzzJij(s, z, µ) . (4.3)
The properties of FJFs were further studied in Refs. [91, 54, 92, 55, 93]. These papers
focused on the FJFs for light hadrons such as pions. FJFs for particles with a single heavy
quark were studied in Ref. [94] and FJFs for quarkonia were calculated in Ref. [62].
One important goal of this work is to generalize FJFs to jets in which the angularity is
measured. The angularity, denoted τa, is defined as [95]
τa =
1
ω
∑
i
(p+i )
1−a/2(p−i )
a/2 , (4.4)
where the sum is over all the particles in the jet, and ω =
∑
i p
−
i is the large light-like
momentum of the jet. The angularity should be viewed as a generalization of the invariant
mass squared of the jet since s = ω2τ0. We calculate the matching coefficients appropriate
for jets in which the angularity has been measured, denoted Jij(τa, z, µ), and verify the
s → τa generalization of the sum rules in Eq. (4.3) in Appendix B.2 of this section. The
other goal of this work is to study the z and τa dependence of the cross section for jets
with identified heavy hadrons in e+e− collisions and compare our analytical results to Monte
Carlo simulations. We will do this for two-jet events in which e+e− → bb¯ is followed by
fragmentation to B mesons. We will also study three-jet events with e+e− → bb¯g followed
by the gluon fragmenting to a jet with a J/ψ. At the LHC we expect high energy gluons
fragmenting to a jet with J/ψ to be an important production mechanism of J/ψ at high
pT and Ref. [62] showed this process is sensitive to the mechanisms underlying quarkonium
production. The study in this section will allow comparison of analytic calculations with
93
Monte Carlo simulations of gluons fragmenting to J/ψ in jets. In order for this cross section
to be physically observable one would either include quarks and antiquarks fragmenting to
jets with J/ψ or one would have to ensure experimentally that the J/ψ came from the gluon
jet in the three-jet event, which could be possible if the other jets are b-tagged.
In Subsection 4.1.2, we discuss the basics of FJFs for events containing jets where the
angularity of the one of the jets is probed. We review various properties of FJFs and their
relationship with the more commonly studied FFs. We also present our results for the
matching coefficients Jij(τa, z, µ) for jets with measured angularities. Further details of that
calculation can be found in Appendix B.2. In Subsection 4.1.3, we present our results for
the NLL’ cross section for e+e− → 2 jets where one of the jets contains a B meson and
the angularity of that jet is measured. We find reasonable agreement in both z and τa dis-
tributions between our analytic calculations and Monte Carlo simulations performed using
Madgraph [96] + PYTHIA [97, 98] and Madgraph + HERWIG [99]. In Subsection 4.1.4, we
show similar comparisons of analytic versus Monte Carlo calculations for the cross section for
e+e− → 3 jets where one of the jets contains a J/ψ created via gluon fragmentation. In this
case the τa distributions for the jet are in good agreement, but the Monte Carlo predictions
for the z distributions are inconsistent. We believe that this is due to PYTHIA’s modeling
of radiation from color-octet states that produces a harder z distribution than the analytic
calculations. In an effort to improve the consistency between NLL’ and Monte Carlo calcula-
tions, we turn off hadronization in PYTHIA and then convolve the distribution of momenta
of the gluons within a jet with the NRQCD color-octet FF at the scale 2mc. This ad-hoc
procedure brings Monte Carlo calculations into much better agreement with analytic NLL’
calculations. This suggests that if NRQCD fragmentation could be properly implemented in
PYTHIA, consistency with NLL’ calculations would be obtained, though more work needs
to be done on this problem. In Subsection 4.1.5 we give our conclusions. Appendix B.1
summarizes the renormalization group evolution (RGE) needed for NLL’ calculations and
also gives the profile functions that are used when computing the scale variation in the NLL’
calculations. Appendix B.2 describes the calculation of the matching coefficients and checks
that they satisfy the required sum rules that relate them to the jet function.
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4.1.2 Fragmenting Jet Functions with Angularities
In this subsection we extend the calculation of Ref. [54] to FJFs with measured angularities.
We will follow the terminology of Ref. [46], in which a jet whose angularity is measured
is referred to as a “measured” jet, while a jet for which only the total energy is measured
but the angularity is not is called an “unmeasured” jet. Here we consider the case of two
particles as this is the most that will appear in a one-loop calculation. In Ref. [54] the
measurement operator in the definition of FJFs forces the mass squared of the jet to be s.
The measurement operator takes the form
δ(ω(k+ − l+ − p+)) = δ(s− ω(l+ + p+)), (4.5)
where kµ is the parent parton’s momentum and lµ and pµ are the momenta of the partons
carrying large lightcone components l− = (1−z)k− and p− = zk− of the parent’s momentum,
respectively. The operator definition of the FJF with measured angularities is given by
Ghi (τa, z, µ) =
∫
dk+dp+h
2pi
∫
d4y e−ik
+y−/2 (4.6)
×
∑
X
1
4NC
tr
[n/
2
〈0|χn,ω(y)δ(τa − τˆa)|Xh〉〈Xh|χ¯n,ω(0)|0〉
]
where at O(αs) the operator τˆa takes the form (cf. Eq. (4.4))
δ(τa − ((l+)1−a/2(l−)a/2 − (p+)1−a/2(p−)a/2)/ω) . (4.7)
Other than replacing Eq. (4.5) with Eq. (4.7), the integrals of all diagrams are the same as
in Ref. [54]. However, rather than using the δ-regulator and a gluon mass, we will use pure
dimensional regularization to regulate all divergences. In this limit, it is possible to show
that the one-loop evaluation of the FF yields
Di→j(z) = δijδ(1− z) + Tij αs
2pi
Pij(z)
(
1
UV
− 1
IR
)
, (4.8)
where Tij are the color structures, Tqq = CF , Tgg = CA, Tqg = CF , Tgq = TR. Additionally,
we have verified that the same 1/IR poles appear in the calculation of FJFs and appropriately
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cancel in the matching between the FJFs and FFs for all values of a < 1. This justifies the
formula
Ghi (τa, z, µ) =
∑
j
∫ 1
z
dx
x
Jij(τa, x, µ)Dj→h
(z
x
, µ
)
, (4.9)
which is the analog of Eq. (4.1) for FJFs that depend on the angularities.
Since the matching coefficients Jij(τa, z, µ) are free of IR divergences, we can simplify the
matching calculation by using pure dimensional regularization, setting all scaleless integrals
to zero and interpreting all 1/ poles as UV. A detailed calculation of the renormalized finite
terms of Jij(τa, z, µ) can be found in Appendix B.2, the results of which are shown below.
We parametrize the matching coefficients Jij(τa, z, µ) as
Jij(τa, z, µ)
2(2pi)3
= δijδ(1− z)δ(τa)
+ Tij
αs
2pi
[
cij0 (z, µ)δ(τa) + c
ij
1 (z, µ)
(
1
τa
)
+
+ c2δijδ(1− z)
(
ln τa
τa
)
+
]
,
(4.10)
where
cij0 (z, µ) =
1− a/2
1− a δijδ(1− z)
[
ln2
µ2
ω2
− pi
2
6
]
+ cij(z)
− P¯ji
[
ln
µ2
ω2
+
1
1− a/2 ln
(
1 +
(
1− z
z
)1−a)
+ (δij − 1) 1− a
1− a/2 ln(1− z)
]
,
cij1 (z, µ) = −
2
1− aδijδ(1− z) ln
µ2
ω2
+
1− a
1− a/2 P¯ij ,
c2 =
2
(1− a)(1− a/2) , (4.11)
with
cqq(z) = 1− z + 1− a
1− a/2(1 + z
2)
(
ln(1− z)
1− z
)
+
,
cgg(z) =
1− a
1− a/2
2(1− z + z2)2
z
(
ln(1− z)
1− z
)
+
,
cqg(z) = z ,
cgq(z) = 2z(1− z) , (4.12)
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and where the P¯ij are the splitting functions of Ref. [54] except for the case i = j = q,
P¯qq = Pqq − 3
2
δ(1− z) = 1 + z
2
(1− z)+ ,
P¯gg = Pgg = 2
(1− x+ x2)2
x(1− x)+ ,
P¯qg = Pqg = x
2 + (1− x)2 ,
P¯gq = Pgq =
1 + (1− x)2
x
.
(4.13)
Notice that our results for the matching coefficients Jij(τa, z, µ) are independent of the jet
algorithm and the jet size parameter R. To include modifications of the Jij(τa, z, µ) that
come from these effects, one would have to multiply the measurement operator in Eq. (4.7)
by an additional Θ-function that imposes the phase space constraints required by the jet
algorithm. However, for jets with measured angularities, it was shown in Ref. [46] that
jet-algorithm dependent terms for cone and kT -type algorithms are suppressed by powers of
τa/R
2. Inuitively, this is because as τa → 0 all the particles in the jet lie along the jet axis
so the result must be insensitive to which algorithm is used and to the value of R in this
limit. For the values of τa and R considered in this subsection, τa/R
2 is negligible and we
will drop these corrections.
As a non-trivial check of our results we show in Appendix B.2 that our Jij(τa, z, µ) satisfy
the following identities and sum rules,
lim
a→0
Jij(τa, z, µ) = ω2Jij(s, z, µ) , (4.14)
and
Ji(τa, µ) =
1
2(2pi)3
∑
j
∫ 1
0
dz z Jij(τa, z, µ) , (4.15)
where Jij(s, z, µ) are the matching coefficients for measured jet invariant mass found in
Ref. [54] and Ji(τa, µ) are the jet functions for measured jets that can be found in Ref. [46].
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4.1.3 e+e− → 2 Jets with a B Meson
In this subsection we present an analytic calculation of the cross section for e+e− to two b
jets in which the B meson is identified in a measured jet. Following the analysis of Ref. [46],
the factorization theorem for the cross section for one measured b jet and one unmeasured b¯
jet is
1
σ0
dσ
dτa
= H2(µ)× Sunmeas(µ)× J (b¯)n¯ (µ)×
[
Smeas(τa, µ)⊗ J (b)n (τa, µ)
]
, (4.16)
where H2(µ) is the hard function, S
unmeas(µ) and Smeas(τa, µ) are the unmeasured and mea-
sured soft functions, J
(b¯)
n¯ (µ) is the unmeasured jet function containing the b¯ quark and
J
(b)
n (τa, µ) is the measured jet function containing the b quark. These describe the short-
distance process, surrounding soft radiation, and radiation collinear to unmeasured and
measured jets, respectively. At NLO the τa-independent functions are given by
H2(µ) = 1− αs(µ)CF
2pi
[
8− 7pi
2
6
+ ln2
µ2
ω2
+ 3 ln
µ2
ω2
]
,
Sunmeas(µ) = 1 +
αs(µ)CF
2pi
[
ln2
µ2
4Λ2
− ln2 µ
2
4Λ2r2
− pi
2
3
]
,
J
(b¯)
n¯ (µ) = 1 +
αs(µ)CF
2pi
Jqalg(µ),
(4.17)
where Λ is a veto on out-of-jet energy, r = tan (R/2) and Jqalg(µ) is a function that depends
on the algorithm used (and we will use the cone algorithm below) and is given in Eq. (A.18)
of Ref. [46]. We note that unlike measured jets, algorithm dependent contributions to the
unmeasured jet are not power suppressed. We also note that, beginning at O(α2), non-global
logarithms of the ratio Qτa/(2Λr
2) begin to appear in the cross-section [38]. For the values
of the parameters we consider, these ratios are such that we can treat these logarithms as
O(1) and thus these would enter as fixed order corrections needed at NNLL’ accuracy, which
is beyond the scope of this work.
We suppress the dependence of all these functions on scales other than the renormaliza-
tion scale µ. Measured functions are convolved according to
f(τ)⊗ g(τ) =
∫
dτ ′ f(τ − τ ′)g(τ ′). (4.18)
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To calculate the differential cross section for a measured jet with an identified B hadron, we
apply the analogous replacement rule in Eq. (4.1) to Eq. (4.16) and use the expression for
the FJF in Eq. (4.9) to obtain
1
σ0
dσ(b)
dτadz
= H2(µ)× Sunmeas(µ)× J (b¯)n¯ (µ)×
∑
j
[(
Smeas(τa, µ)⊗
J (b)bj (τa, z, µ)
2(2pi)3
)
•Dj→B(z)
]
,
(4.19)
where
G(z) • F (z) = F (z) •G(z) ≡
∫ 1
z
dx
x
F (x)G
(z
x
)
. (4.20)
To obtain an NLL’ resummed formula for the cross section, we evaluate each function in
the factorization theorem in Eq. (4.19) at its “characteristic” scale (where potentially large
logarithms are minimized) and, using renormalization group techniques, evolve each function
to a common scale, µ, which we will choose to be equal to the hard scale. The details of this
evolution are discussed in Appendix B.1.
The convolutions in Eq. (4.19) must be performed over angularity over Smeas, Jij, and
factors arising from RG equations. Since such RG factors are distributions (δ or plus-
distributions) in the angularity our final answer is written in terms of distributions that
can be computed analytically using Eqs. (B.18-B.19). Upon performing convolutions and
resummation to NLL’ accuracy we find for the cross section
dσ(τa, z) ≡ 1
σ0
dσ(b)
dτadz
= H2(µH)× Sunmeas(µΛ)× J (b¯)n¯ (µJn¯)× (4.21)
×
∑
j
{(
Θ(τa)
τ 1+Ωa
)[
δbjδ(1− z) (1 + fS(τa, µSmeas)) + f bjJ (τa, z, µJn)
]
• Dj→B(z, µJn)
2(2pi)3
× Π(µ, µH , µΛ, µJn¯ , µJn , µSmeas)
}
+
,
where the ‘+’ distribution is defined in Eq. (B.15) (and acts on all τa-dependent quantities,
including any implicit dependencies arising from the choice of scales µF ) and Ω(µJn , µSmeas) =
ωJn(µ, µJn) + ωSmeas(µ,µSmeas), the functions ωJn and ωSmeas are given in Appendix B.1, the
function fS is given by [46]
fS(τ, µ) = −αs(µ)CF
pi
1
1− a

[
ln
µ tan1−a R
2
ωτ
+H(−1− Ω)
]2
+
pi2
6
− ψ(1)(−Ω)
 , (4.22)
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and f ijJ are written in terms of the coefficients c
ij
0 , c
ij
1 and c2 presented in Eq. (4.11) as
f ijJ (τ, z, µ) = Tij
αs(µ)
2pi
(
cij0 (z, µ) + c
ij
1 (z, µ)
(
ln τ −H(−1− Ω)
)
+ c2δijδ(1− z)
((ln τ −H(−1− Ω))2 + pi2/6− ψ(1)(−Ω)
2
))
.
(4.23)
The evolution kernel Π is given in terms of KF (µ, µ0) and ωF (µ, µ0) (cf. Appendix B.1),
Π(µ, µH , µΛ, µJn¯ , µJn , µSmeas) =
∏
F=H,Jn¯,Sunmeas
exp(KF (µ, µF ))
(
µF
mF
)ωF (µ,µF )
(4.24)
× 1
Γ(−Ω(µJn , µSmeas))
×
∏
F=Jn,Smeas
exp(KF (µ, µF ) + γEωF (µ, µF ))
(
µF
mF
)jFωF (µ,µi)
,
where µF , mF and jF are given in Table 4. Because they involve FFs (cf. Appendix B.2),
the z convolutions must be evaluated numerically. For the fragmentation of the b quark we
use a two-parameter power model FF introduced in Ref. [100], in which Db→B(z, µ = mb =
4.5 GeV) is proportional to zα(1− z)β. Values for the parameters α = 16.87 and β = 2.628
with χ2d.o.f. = 1.495 were determined using a fit to LEP data in Ref. [101] for the inclusive
process e+e− → B + X. Errors in these parameters were not quoted in Ref. [101], so we
cannot quantify errors associated with the extracted FF in our calculation. Additionally,
we neglect the contribution from the fragmentation of other partons for our e+e− collider
studies as in Ref. [101]. In proton-proton collisions at the LHC, gluon FJFs must also be
included since the dijet channel gg → gg gives a significant contribution to the production
of jets with heavy flavor [56]. For the evolution of the FF up to the jet scale we solve the
DGLAP equation using an inverse Mellin transformation as done in Ref. [62].
Fig. 21 shows the z distributions from dσ(τ0, z) for τ0 = (1.5, 2.0, 2.5) × 10−3 of our
analytic NLL’ calculation (green) and monte-carlo simulations using Madgraph + PYTHIA
(black) and Madgraph + HERWIG (red). For each Monte Carlo and for each NLL’ calcu-
lation, the graphs are independently normalized to unit area. For plots with fixed τa we
use a z-bin of ± 0.1 and for plots with fixed z we use a τa bin of size ± 2 × 10−4. Jets
are reconstructed in PYTHIA using the Seedless-Infared-Safe Cone (SISCONE) algorithm
in the FastJets package [102] with R = 0.6, which will be used throughout this work. We
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Figure 21: The z distributions for dσ(τ0, z) at τ0 = (1.5, 2.0, 2.5) × 10−3 for analytic
calculations with theoretical uncertainty are shown in green. Monte Carlo simulations using
Madgraph + PYTHIA and Madgraph + Herwig are shown in black and red, respectively.
produced simulated dijet events at Ecm = 250 GeV in which each jet has an energy of at least
(Ecm − Λ)/2 where Λ = 30 GeV.3 The central green line corresponds to the NLL’ calcula-
tion with the various functions in the factorization theorem evaluated at their characteristic
values shown in Table 4, and the green band corresponds to the estimate of theoretical un-
certainty obtained by varying the scales of the unmeasured functions by ±50%, and using
profile functions [103, 83, 104] to estimate the uncertainty of the measured functions. Profile
functions allow us to introduce an angularity dependent scale variation that freezes at the
characteristic scale for high values of τa where the factorization theorem breaks down and at
3This is different than simply placing a cut Λ on energy outside the jets (which is what is assumed in our
analytical results), but this difference only appears at O(α2s) in the soft function, which is higher order than
we work in this section.
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Figure 22: Analytic results for the z distributions of dσ(τ0, z) at τ0 = (1.5, 2.0, 2.5)× 10−3.
The orange curve is calculated with a measured jet scale that does not depend on z whereas
the green curve uses a scale that does depend on z (as in Fig. 21).
a fixed scale for small values of τa where we reach the non-perturbative regime. This method
for estimating theoretical uncertainties is used throughout this work. Additional details on
the profile functions we use can be found in Appendix B.1.
The orange curves in Fig. 22 show the differential cross section as a function of z for
fixed τ0 where µJ(τ) = µJ(τ, z = 0) = ωτ
1/(2−a) is chosen as the characteristic scale of
the measured jet function, and the error band is obtained the same way as for Fig. 21.
As in Fig. 21, the green curves show the cross section for a measured jet scale µJ(τ, z) =
ωτ 1/(2−a)(1− z)(1−a)/(2−a). The reorganization of logarithms of (1− z) shown in Eq. (B.22)
suggests that we can improve the accuracy of our calculations for z → 1 by choosing the
characteristic value of the measured jet scale to be µJ(τ, z). This improvement is clearly
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Function (F ) H2 J
b¯
n¯ S
unmeas J (τ, z) Smeas(τ)
Scale (µF ) Ecm ωn¯r 2Λr
1/2 ωnτ
1/(2−a)(1− z)(1−a)/(2−a) ωnτ/r1−a
mF ω wn¯r 2Λr
1/2 ωn ωn/r
1−a
jF 1 1 1 2− a 1
Table 4: Characteristic scales of the different functions in the factorization theorem of
Eq. (4.16).
dΣ H Τ0 , z=0.4L dΣ H Τ0 , z=0.6L
0.000 0.005 0.010 0.015 0.020
0
50
100
150
Τ0 0.000 0.005 0.010 0.015 0.020
0
50
100
150
200
250
Τ0
dΣ H Τ0 , z=0.8L
0.000 0.005 0.010 0.015 0.020
0
100
200
300
400
500
600
700
Τ0
Pythia
Herwig
NLL ' H ΜJ H Τ , zL L
Figure 23: Angularity distributions of dσ(τa, z) for a = 0 at z = 0.4, 0.6, 0.8. Analytic
results are shown as green bands. Monte Carlo results are shown as black lines for Madgraph
+ PYTHIA and red lines for Madgraph + HERWIG.
seen in Fig. 22 which shows the scale variation for the choices µJ(τ) and µJ(τ, z), the latter
choice gives smaller scale variation near the peak in the z distribution.
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In Fig. 23 we present the results for the τ0 distributions of the differential cross section
dσ(τa, z) for z = 0.4, 0.6, and 0.8. The color and normalization schemes match those in
Fig. 21. We see that for higher values of z the distributions of τ0 are shifted towards smaller
values. This is expected since the majority of the energy of the jet is carried by the B
meson which results in narrower jets. Figs. 21 and 23 show that our results are consistent
within the Monte Carlo uncertainty that is suggested by the difference between PYTHIA
and HERWIG predictions. This gives us confidence that the FJF formalism combined with
NLL’ resummation can be used to correctly calculate both the substructure and the identified
hadron’s energy fraction within a jet.
4.1.4 e+e− → 3 Jets with the Gluon Jet Fragmenting to J/ψ
We can also use the FJF formalism to calculate the cross section for e+e− → 3 jets with a
J/ψ. As we expect gluon fragmentation to be the dominant production channel at the LHC,
we focus on the case where J/ψ is found within a gluon jet. In addition, we assume that
the angularity of this jet is also measured. To obtain a physical observable, one must also
include contributions from all jets fragmenting to J/ψ, however, we expect the contribution
from quark jets to be smaller. It is theoretically possible to isolate the J/ψ coming from
gluon jets in experiments by b-tagging the other two jets in the event, so we will focus on
the process e+e− → bb¯g followed by gluon fragmentation to J/ψ.
The analytic expression for this cross section is
1
σ0
dσ(g)
dτadz
= H3(µH)× Sunmeas(µΛ)× J (b¯)n1 (µJn1 )× J (b)n2 (µJn2 )
×
∑
i
{(
Θ(τa)
τ 1+Ωa
)[
δgiδ(1− z)(1 + fS(τa, µSmeas)) + f giJ (τa, z, µJn3 )
]
• Di→J/ψ(z, µJn3 )
2(2pi)3
× Π(µ, µH , µΛ, µJn1 , µJn2 , µJn3 , µSmeas)
}
+
, (4.25)
where Ω ≡ Ω(µJn3 , µSmeas) = ωJn(µ, µJn3 ) + ωSmeas(µ,µSmeas), the b-quark initiated jets J
(b)
n1
and J
(b¯)
n2 are unmeasured, the expression for fS is the same as Eq. (4.22) with CF replaced by
CA, and our expressions for f
ij
J are given in terms of the coefficients c
ij
0 , c
ij
1 and c2 given in
Eq. (4.11). Here σ0 is the LO cross section for e
+e− → bb¯g. We will focus on the Mercedes
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Benz configuration in which all three jets have (approximately) the same energy, and consider
jets with energies large enough that the mass of b-quark can be neglected. Here, H3(µ) is
1 + O(αs) where the O(αs) comes from the NLO virtual corrections to e
+e− → bb¯g. We do
not include this correction. The primary effect of its omission will be on the normalization
of the cross section, which is not important for our discussion of the distributions we show
below, and to increase the scale uncertainty associated with varying µH ; however this is not
a very important source of uncertainty in our calculations.
While the calculation for B mesons requires a phenomenological FF, the FFs for J/ψ
production can be calculated in NRQCD [27]. Refs. [105, 106, 107, 108] showed that a J/ψ
FF can be calculated in terms of analytically calculable functions of αs(2mc) and z multiplied
by nonperturbative NRQCD long-distance matrix-elements (LDMEs). In J/ψ production,
the most important production mechanisms are the color-singlet mechanism, in which the
cc¯ is produced perturbatively in a 3S
(1)
1 state, and the color-octet mechanisms, in which the
cc¯ is produced perturbatively in a 1S
(8)
0 ,
3S
(8)
1 , or
3P
(8)
J state. Here
2S+1L
(1,8)
J refers to the
angular momentum and color quantum numbers of the cc¯. The numerical values for the
corresponding LDMEs are taken to be the central values from the global fits performed in
Refs. [2, 3], and are shown in Table 5. The color-singlet LDME scales as v3, where v is the
〈OJ/ψ(3S(1)1 )〉 〈OJ/ψ(3S(8)1 )〉 〈OJ/ψ(1S(8)0 )〉 〈OJ/ψ(3P (8)J )〉/m2c
1.32 GeV3 2.24 ×10−3 GeV3 4.97× 10−2 GeV3 -7.16 ×10−3 GeV3
Table 5: LDMEs for NRQCD production mechanisms. We use central values taken from
global fits in Refs. [2, 3].
typical relative velocity of the cc¯ in the J/ψ, while the color-octet LDMEs scale as v7 [27].
This v4 suppression is clearly seen in the numerical values of the LDMEs in Table 5. In the
calculation of the gluon FF, this v suppression is compensated by powers of αs since the
leading color-octet contributions are O(α2s) in the
1S
(8)
0 and
3P
(8)
J channels and O(αs) in the
3S
(8)
1 channel, while the color-singlet contribution is O(α
3
s). In this work we focus on the
gluon FJF, GJ/ψg , and separately compute each of the four NRQCD contributions to GJ/ψg .
To calculate GJ/ψg , we evolve each FF from the scale µ = 2mc to the characteristic scale
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of the measured jet µJn3 (τa) = ωτ
1/(2−a)
a using the DGLAP evolution equations. For most
values of z considered in this section, we do not expect that using a z dependent scale will
result in significant improvement in the scale variation. In addition, using a z dependent
scale in the 3P
(8)
J channel yields unphysical results, such as negative values for the FF. After
evolution, we perform the convolution [D • fJ ] (z) in z with the matching coefficients derived
in Subsection 4.1.3.
Before discussing the comparison of our results with Monte Carlo, we briefly review how
the Madgraph + PYTHIA Monte Carlo handles color-singlet and color-octet quarkonium
production. We produce quarkonia states in Madgraph from the following processes: e+e− →
bb¯ggcc¯[3S
(1)
1 ], e
+e− → bb¯gcc¯[1S(8)0 ], and e+e− → bb¯cc¯[3S(8)1 ]. The quantum numbers 2S+1L(1,8)J
are for the cc¯ produced in the event. We only include diagrams in which the virtual photon
couples to the bb¯ so in all cases the cc¯ plus any additional gluons come from the decay of a
virtual gluon. We did not simulate production in the 3P
(8)
J channel in e
+e− → bb¯g → bb¯cc¯g
because IR divergences in the matrix elements require much longer running times to get
the same number of events. We then perform showering and hadronization on these hard
processes using PYTHIA. Analysis is done using RIVET [109]. During PYTHIA’s showering
phase, color-singlet J/ψ do not radiate gluons. Thus if these J/ψ are produced within a jet,
all surrounding radiation is due to the other colored particles in the event [97, 98]. We
require that after showering there are only three jets in the event, two from the b-quarks and
one from a gluon that contains the J/ψ. We simulate three-jet events at Ecm = 250 GeV in
the Mercedes-Benz configuration by requiring the jets each have energies Ejet > (Ecm−Λ)/3
with Λ = 30 GeV, analagous to what was done in Sec. 4.1.3.
For cc¯ produced in a color-octet state PYTHIA allows the color-octet cc¯ to emit gluons
with a splitting function 2Pqq(z). Since Pqq(z) is peaked at z = 1, the color-octet cc¯ pair
typically retains most of its energy after these emissions. This model of the production
mechanism is very different than the physical process implied by the NLL’ calculation. In
the NLL’ calculation, the FF is calculated at the scale 2mc, then evolved up to the jet
energy scale using Altarelli-Parisi evolution equations. Since this is a gluon FF, the most
important splitting kernel in this evolution is Pgg(z). We find that the FFs obtained at the
jet energy scale are not significantly changed if we use only this evolution kernel and ignore
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mixing with quarks. Thus the production process implied by the NLL’ calculation is that of
a highly energetic gluon produced in the hard process with virtuallity of order the jet energy
scale, which then showers by emitting gluons until one of the gluons with virtuality of order
2mc hadronizes into the J/ψ. Because Pgg(z) is peaked at z = 0 and z = 1 the resulting J/ψ
distribution in z is much softer than the model employed by PYTHIA. PYTHIA does not
allow one to change the actual splitting function, only to modify the color-factor. Therefore,
in order to get a softer z distribution we changed the coefficient of PYTHIA’s splitting
kernel for a gluon radiating off a color-octet cc¯ pair from 2Pqq to CAPqq = 3Pqq. This results
in a slighter softer z distribution than default PYTHIA, but is still inconsistent with the
NLL’ calculation. This change does not have significant impact on the τa distributions. The
τa distributions are generally in better agreement. The variable τa depends on all of the
hadrons in the jet and is therefore less sensitive to the behavior of the J/ψ, especially when
the J/ψ carries a small fraction of the jet energy. In that case, τa distributions in the NLL’
calculation look similar for all color-octet mechanisms.
In an attempt to see if PYTHIA can be modified to reproduce the z distributions obtained
in our NLL’ calculations, and confirm the physical picture of the NLL’ calculation described
above, we generate e+e− → bb¯g events in Madgraph and allow PYTHIA to shower but not
hadronize the events. If we allow the shower to evolve to a scale where the typical invariant
mass of a gluon is 2mc and then convolve the gluon distribution with the NRQCD FFs at this
scale, we expect that the resulting z distributions should mimic our NLL’ calculation. The
lower cutoff scale in PYTHIA’s parton shower is set by the parameter TimeShower:pTmin,
which is related to the minimal virtuality of the particles in the shower, and whose default
value is 0.4 GeV. We change this parameter to 1.6 GeV, which corresponds to a virtuality of∼
2mc, then obtain a z distribution for the gluons by randomly choosing a gluon from the gluon
initiated jet. We then numerically convolve this z distribution with the analytic expression
for the NRQCD FF. This procedure, which we will refer to as Gluon Fragmentation Improved
PYTHIA (GFIP), yields z distributions that are consistent with our NLL’ result, as we will
see below. We tested an analogous procedure for two-jet events with B mesons by showering
e+e− → bb¯ with PYTHIA with hadronization turned off. We then convolved the resulting b
quark distribution with the b-quark FF at the scale 2mb, and found results for B mesons that
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Figure 24: Angularity distributions of dσ(τa, z) for a = 0 at z = 0, 1, 0.3, 0.5, 0.7. Analytic
calculations are shown as red (green) bands for the 3S
(8)
1 (
1S
(8)
0 ) production mechanisms.
Results from Madgraph + PYTHIA are shown as red (green) dashed lines for the same
mechanisms.
are consistent with our NLL’ calculations. Note that PYTHIA treats the radiation coming
from the octet cc¯ pair the same regardless of the angular momentum quantum numbers.
In contrast, GFIP like the NLL’ calculation gives different results for all three channels by
applying different FFs at the end of the parton shower phase. Also GFIP can be applied to
all four NRQCD production mechanisms, since convergence issues for the 3P
(8)
J channels are
absent.
Fig. 24 shows our NLL’ calculation and Madgraph + PYTHIA results for the distribution
of τ0 for various fixed values of z for the
3S
(8)
1 (red) and
1S
(8)
0 (green) channels. We see fairly
good agreement between analytic and Monte Carlo results in the peak regions for smaller
values of z and notice some qualitative differences in the tail regions, especially for the 1S
(8)
0
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Figure 25: Angularity distributions of dσ(τa, z) for a = +1/2, 0, −1/2, −1 at z = 0.5.
Analytic calculations are shown as red (green) solid lines for the 3S
(8)
1 (
1S
(8)
0 ) production
mechanisms. Results from Madgraph + PYTHIA are shown as red (green) dashed lines for
the same mechanisms.
channel. At higher values of z where the number of final state particles is small, differences
in the τ0 distributions could be attributed to the increasing influence of Pythia’s unrealistic
model of quarkonium production. As z → 0, we also see similar τ0 dependence for the two
color-octet channels in our analytic results. This suggests that in the small z region, the jet
substructure is independent of the production mechanism. Thus, attempts to use angularity
distributions to extract the various LDMEs should focus on the range 0.3 < z < 0.7.
In Fig. 25, we show the angularity distributions (without uncertainties) for the 1S
(8)
0
and 3S
(8)
1 mechanisms for a = +1/2, 0, −1/2, −1. These are computed analytically and
using Monte Carlo and we again see reasonable agreement. As a is decreased, we see less
discrimination between the two production mechanisms. Thus extraction of LDMEs should
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Figure 26: z distributions of dσ(τa, z) for NLL’ analytic calculations (bands), PYTHIA
(dashed lines), and GFIP (solid lines) for fixed values of τ0 = (4, 5, 6)× 10−3.
ideally be done with larger values of a, for a < 1 where factorization in SCETI holds, with
the caveat that there is a trade-off since the predictability of the analytical results is limited
for a too close to 1 since power corrections grow as 1/(1− a) [110].
In contrast to the angularity distributions, Fig. 26 shows that analytic and Monte Carlo
calculations of the z distributions using Madgraph + PYTHIA yield strikingly different
results, with Madgraph+PYTHIA yielding a much harder z-distribution. Fig. 26 also shows
the z distributions using GFIP. The GFIP modification yields significantly different results
for the z distributions that align more closely with NLL’ calculation. While this is far from
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a proper modification of PYTHIA, it shows us that implementing the missing g → J/ψ
fragmentation yields encouraging similarities to our analytical calculations using the FJF
formalism with NRQCD FFs. This also suggests that if Monte Carlo is modified to properly
include NRQCD FFs at the scale 2mc it will yield results that are consistent with FJFs
combined with NLL’ resummation. Correct Monte Carlo implementation of the NRQCD FFs
is important because the GFIP modification can only be used to calculate the z distribution.
There are many other jet shape observables, such as N -subjettiness or ∆R (where ∆R is
the angle between the J/ψ and the jet axis), that should be able to discriminate between
NRQCD production mechanisms, and many of these are most easily predicted using Monte
Carlo.
4.1.5 Conclusion
The study of hadrons within jets provides new tests of perturbative QCD dynamics. The
distribution in z (the fraction of jet energy carried by the identified hadron) can be calcu-
lated as a convolution of the well-known fragmentation functions (FFs) for that hadron with
perturbative matching coefficients that are calculable at the jet energy scale, which is typi-
cally well above ΛQCD. At hadron colliders this provides a new way to extract FFs and will
be especially important for pinning down gluon FFs, which are of subleading importance in
e+e− colliders where FFs are usually measured. The production of heavy quarkonia within
high energy jets in collider experiments also provides new tests of NRQCD.
In this section, we studied cross sections for jets with heavy mesons as a function of
z and the substructure variable angularity, τa. We provided for the first time the NLO
matching coefficients for jets with measured τa, and used these along with the known RGE
for the hard, jet, and soft functions to obtain NLL’ accuracy calculations of cross sections
for jets with heavy mesons. We considered the production of B mesons in two-jet events
in e+e− collisions at Ecm = 250 GeV as well as J/ψ production in three-jet events at the
same energies. Though not relevant to any experiment, this is useful for comparing NLL’
calculations with Monte Carlo simulations of fragmenting jets whose energy is comparable to
those measured at the LHC. In the simulations of quarkonia production, the underlying hard
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process was generated using Madgraph and then PYTHIA was used to shower and hadronize
the events. In the simulations involving B meson production we also used HERWIG.
For B mesons, we find that the z and τa distributions computed using Monte Carlo and
NLL’ are in excellent agreement, giving us confidence in our analytic approach. In the case
of J/ψ, we considered three-jet events in which the jets all had the same energy and the J/ψ
in both simulation and NLL’ calculations was required to come from the gluon jet. This
allowed us to study J/ψ production via the fragmentation of high energy gluon initiated
jets, which we expect to be an important mechanism at the LHC. Earlier studies of gluon
FJFs in Ref. [62] indicated that the z and E dependence of these jets could discriminate
between various NRQCD production mechanisms. The analytic NLL’ studies of this section
are consistent with Ref. [62]; we also find that the τa and z distributions can discriminate
between different various NRQCD production mechanisms.
For Monte Carlo simulations, we used Madgraph to calculate e+e− → bb¯g followed by
the gluon fragmenting into a a cc¯ pair in either a 3S
(8)
1 ,
1S
(8)
0 , or
3S
(1)
1 state. As explained
earlier we do not simulate events in the 3P
(8)
J channel. The events were then showered and
hadronized using PYTHIA. While the τa distributions are similar to analytical calculations,
the z distributions are much harder and their shape looks nothing like the NLL’ calculation.
We attribute this to a naive model that PYTHIA uses for simulating the radiation of gluons
from color-octet cc¯ pairs.
We then considered an alternative simulation approach where e+e− → bb¯g events are
generated using Madgraph, then PYTHIA is used to shower the event to a low scale near
2mc without hadronization. The resulting gluon distribution is then convolved with the
analytically calculated NRQCD FFs calculated at the scale 2mc. This procedure yields z
distributions that are in much better agreement with our NLL’ calculations.
Future work will focus on extending the NLL’ calculations to hadron colliders, where
the unmeasured jet and soft function recently calculated in Ref. [104] must be combined
with the FJFs of this section. It would be of great interest to compare the results of these
calculations with data from the LHC on high energy jets with heavy mesons and quarkonia.
Finally, there needs to be more work on improving the understanding of the differences
between NLL’ and Monte Carlo simulations. Monte Carlo simulations that can properly
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simulate the production of quarkonia within jets will be essential for calculating other jet
observables for which NLL’ calculations are either unavailable or impractical.
4.2 NRQCD CONFRONTS LHCB DATA ON QUARKONIUM
PRODUCTION WITHIN JETS
The production of quarkonium is a challenging test of Quantum Chromodynamics due to the
multiple length scales involved. The LHCb collaboration [111] published the first study of
J/ψ produced within jets. The distribution of the fraction of the jet’s transverse momentum,
pT , carried by the J/ψ, z(J/ψ), was found to disagree significantly with predictions from
the PYTHIA Monte Carlo [97, 98] using leading order calculations of J/ψ production in the
Non-Relativistic Quantum Chromodynamics (NRQCD) factorization formalism [27]. This
section provides improved theoretical calculations of the z(J/ψ) distribution and discusses
the implications of the LHCb results for the NRQCD factorization formalism.
Production of quarkonium in hadron colliders has been the subject of experimental and
theoretical studies for decades. The problem is challenging because it involves several dis-
parate scales. These include pT , which can be much larger than the mass of the bound state,
≈ 2mQ, where mQ is the mass of the heavy quark, as well as scales that are much smaller:
the relative momenta, mQv (v is the typical velocity of the heavy quarks in the bound state),
the kinetic energy, mQv
2, and the nonperturbative scale ΛQCD.
The most common approach to calculating quarkonium production is the NRQCD fac-
torization formalism [27]. In this formalism, the cross section for J/ψ in a pp collision is
written as
dσ[pp→ J/ψX] =
∑
n
dσ[pp→ cc¯(n)X]〈OJ/ψ(n)〉,
where dσ[pp → cc¯(n)X] is the short distance cross section for producing the cc¯ pair in a
state n with definite color and angular momentum quantum numbers and 〈OJ/ψ(n)〉 is a
long distance matrix element (LDME) that describes the nonperturbative transition of the
cc¯ pair in the state n into a final state containing J/ψ. X denotes other possible particles
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in the final state. The quantum numbers n will be denoted 2S+1L
[i]
J where the notation
for angular momentum is standard and i = 1 (8) for color-singlet (color-octet) states. The
short distance cross sections are perturbatively calculable in a power series in αs, while the
LDMEs are nonperturbative and must be extracted from data. The LDME scale with definite
powers of v so the NRQCD factorization formalism organizes the calculation of quarkonium
production (and decay) into a systematic double expansion in αs and v.
For J/ψ production, the leading matrix element in the v expansion is 3S
[1]
1 which scales
as v3. The next most important are the color-octet LDMEs: 3S
[8]
1 ,
1S
[8]
0 , and
3P
[8]
J , which all
scale as v7. J/ψ production has been measured in a wide variety of experiments, including
e+e−, pp, pp¯, ep, γp, and γγ collisions, spanning a wide range of energies. At present, next-
to-leadiing order (NLO) QCD calculations are available for the above mentioned color-singlet
and color-octet mechanisms for all these initial states. Global fits to the world’s data using
these calculations were performed in Refs. [2, 3]. The resulting LDMEs are shown in the
first line in Table 6. The LDMEs are consistent with the expected v4 suppression of the
color-octet mechanisms. The global fits in Refs. [2, 3] are reasonably well described by NLO
NRQCD, but there are nagging discrepancies that call into question our understanding of
quarkonium production. The most notable discrepancy is the polarization puzzle: if the
LDMEs of Refs. [2, 3] are used, the produced J/ψ are predicted to be polarized transverse to
their momentum at high pT , while in fact they are produced with essentially no polarization.
(This is also a problem in Υ production.) Another important discrepancy is the failure of spin
symmetry predictions for ηc production [112, 113]. (For possible solutions to the ηc problem
using different extractions of LDMEs see [114, 115, 116].) In light of the failure of NLO
QCD to predict the J/ψ polarization, other authors have proposed alternative approaches to
fitting the LDMEs. Refs. [6, 5] have emphasized that NRQCD factorization should be most
reliable at the highest values of pT and have performed fits that focus exclusively on high
pT J/ψ production in colliders. Ref. [5] also merges NLO calculations with fragmentation
contributions in which Altarelli-Parisi evolution is used to resum logs of pT/mJ/ψ. The
LDMEs from the fits of Refs. [6, 5] are shown in the second and third lines of Table 6,
respectively. We will use these three sets of LDMEs in our analysis. There have been other
fits to the LDMEs [117, 118] which include explicit feeddown from χcJ states. Since these
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〈OJ/ψ(3S[1]1 )〉 〈OJ/ψ(3S[8]1 )〉 〈OJ/ψ(1S[8]0 )〉 〈OJ/ψ(3P [8]0 )〉/m2c
× GeV3 ×10−2 GeV3 ×10−2GeV3 ×10−2GeV3
B & K [2, 3] 1.32± 0.20 0.224± 0.59 4.97± 0.44 −0.72± 0.88
Chao, et al. [6] 1.16± 0.20 0.30± 0.12 8.9± 0.98 0.56± 0.21
Bodwin et al. [5] 1.32± 0.20 1.1± 1.0 9.9± 2.2 0.49± 0.44
Table 6: LDMEs for NRQCD production mechanisms used in this section in units of GeV3.
effects are not included in our calculations, we do not use these LDME extractions in this
work.
Recently, Ref. [62] proposed studying the distribution of quarkonia produced within jets
as an alternative test of NRQCD in hadron colliders. Cross sections for jets with identified
hadrons are given in terms of fragmenting jet functions (FJF) that were first introduced in
Ref. [53] and studied further in Refs. [91, 55, 92, 54, 93, 94, 66, 52, 63, 119, 31, 32]. The FJFs
are functions of the jet energy, E, and the fraction of energy carried by the identified hadron,
z. FJFs are calculable as a convolution of the more inclusive fragmentation function with
a perturbative matching coefficient evaluated at the jet energy scale, EJ = 2E tan(R/2).
Ref. [62] showed that the quarkonium FJF can be calculated in terms of NRQCD fragmen-
tation functions [107, 106, 105] and that the z and E dependence of these cross sections are
sensitive to the underlying production mechanisms because NRQCD fragmentations differ
for different production mechanisms. For further work see Refs. [87, 64, 56].
In Section 4.1, we used the FJF formalism to compute cross sections for jets with B
mesons and J/ψ produced within jets in e+e− collisions. For B mesons we studied e+e− → bb¯
followed by b quark fragmenting to a jet with a B meson. For J/ψ, we studied e+e− → bb¯g
followed by gluon fragmentation to a jet with J/ψ. In both cases we studied the dependence
of the cross section on z, the fraction of the energy carried by the identified hadrons, and the
jet’s angularity, τa, [95] a jet substructure variable whose definition can be found in Section
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4.1. The analytic expression for these cross sections has the schematic form
dσ[e+e− → jets, h] = H ⊗ S ⊗ J(⊗J)⊗ Gh (4.26)
where h is either a B meson or J/ψ, Gh is the FJF for the hadron h, J is a jet function
for the other jets in the event (there is one J for B mesons and two for J/ψ), S is the soft
function, and H is the hard cross section for e+e− → bb¯ or e+e− → bb¯g. Dependence on all
kinematic quantities has been suppressed. Evaluation of each of the quantities appearing
in Eq. (4.26) shows that they all have logarithms of different scales. The renormalization
group equation (RGE) for each of the functions in Eq. (4.26) needs to be solved, and the
functions need to be evolved to a common scale so that large logarithms are resummed to all
orders in perturbation theory. Details of this formalism for jet cross sections can be found
in Ref. [46]. Analytic calculations in Ref. [87] were performed to next-to-leading-log-prime
(NLL’) accuracy.4 The calculations were also performed using the PYTHIA Monte Carlo.
For B mesons PYTHIA and NLL’ analytical calculations were in good agreement. However,
for jets with J/ψ good agreement was found only in the τa distributions. The z distributions
predicted by PYTHIA at LO were significantly harder than the z distributions predicted
by the NLL’ calculations. This discrepancy between theoretical calculations and PYTHIA
is remarkably similar to the discrepancy between data and PYTHIA recently found by the
LHCb collaboration. This motivates us to perform calculations similar to those of Ref. [87]
to obtain a better description of the LHCb data.
To understand the discrepancy between analytical NLL’ calculations of the z distributions
and PYTHIA, one must understand how PYTHIA models the production of quarkonium.
In PYTHIA the heavy quark-antiquark pair is produced in the short-distance process in
either a color-octet or color-singlet state. If it is in a color-singlet state the heavy quark
antiquark pair behaves like a color-singlet particle, emits no gluon radiation, and eventually
turns into the quarkonium. If the heavy quark-antiquark pair is produced in a color-octet
state, PYTHIA treats the pair as a single colored particle that showers with the splitting
function 2Pqq(z). As this splitting function is strongly peaked at z = 1, the color-octet pair
4NLL’ means that in addition to NLL accuracy, O(αs) contributions to the soft, jet, and FJF are also
kept.
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retains most of its momentum after the shower. At the end of the shower the color-octet
quark antiquark emits a soft gluon in order to become a color-singlet quarkonium.
The physical picture of quarkonium production implied by the NLL’ analytic calculations
in Ref. [87] is quite different from PYTHIA. The FJF that controls the z dependence of the
cross section is, up to O(αs(EJ)) corrections, equal to the fragmentation function evaluated
at the scale EJ . The evolution of the fragmentation function from the scale 2mc up to the
scale EJ is governed by Altarelli-Parisi evolution equations. Ref. [87] showed that this is
equivalent to producing a hard gluon in the short-distance process with virtuality of order
EJ , allowing that gluon to shower until a gluon with virtuality ∼ 2mc hadronizes into the
J/ψ. This can be implemented in PYTHIA by simulating events in which the gluon is
produced in the hard process, hadronization is turned off, and allowing the parton to shower
down to a scale ∼ 2mc. After this a gluon z distribution is obtained and convolved manually
with a perturbative NRQCD fragmentation function (calculated at lowest order in αs(2mc)).
This procedure was referred to Gluon Fragmentation Improved PYTHIA (GFIP) in Ref. [87],
and was shown to give good agreement with the NLL’ analytic calculation.
In this section we perform the corresponding calculation for the LHCb experiment using
two different methods. Our first method, which we will refer to as GFIP, is analogous to
the GFIP calculation of Ref. [87]. We start by generating events corresponding to hard
production of c quarks and gluons in pp collisions at
√
s = 13 GeV using MadGraph [96].5
In the LHCb data, all jets have pseudorapidity 2.5 < η < 4.0, R = 0.5, and the jets are
required to have pT > 20 GeV. The hard partons generated by MadGraph satisfy the jet
constraints of LHCb. PYTHIA is then used to shower the event down to a scale of∼ 2mc. Jet
algorithms are applied to the output of the PYTHIA shower and the c quarks and gluons
must be within jets of radius R = 0.5 satisfying the criteria of the LHCb data described
above. The resulting c and gluon distributions are shown in Fig. 27. Note that the c quark
distribution is peaked near z = 1 while the gluon z distribution is much softer and peaked
near z = 0.
The pT and y distributions for the c quarks and gluons are then convolved manually
5Contributions to J/ψ production from quarks other than c in the hard process are suppressed, either due
to soft gluon emission or by αs evaluated at a large energy scale. We therefore we neglect their contribution.
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Figure 27: PYTHIA predictions for c quark and gluon z distributions (where z is the
fraction of the energy of the parton initiating the jet) after showering to the scale 2mc.
with the NRQCD fragmentation functions evaluated at leading order (LO) in perturbation
theory to obtain pT and y distributions for J/ψ. For gluons we include
3S
[1]
1 ,
3S
[8]
1 ,
1S
[8]
0
and 3P
[8]
J fragmentation functions, because the v
4 suppression of the color-octet LDMEs
is compensated by powers of αs for
1S
[8]
0 and
3P
[8]
J and α
2
s for
3S
[8]
1 . See Ref. [62] for the
explicit expressions for the LO NRQCD fragmentation functions. Color-singlet and color-
octet fragmentation functions start at the same order in αs for charm quarks so we include
only color-singlet fragmentation for charm quarks. LHCb requires both muons have 2.0 <
η < 4.5, p > 5 GeV, and pT > 0.5 GeV. The energy cut clearly suppresses contributions
from partons with low z and hence enhances the contribution from c quark initiated jets.
We implement the muon cuts by assuming the J/ψ are unpolarized and therefore decays to
µ+µ− isotropically in its rest frame, and the LHCb cuts on the muons are applied to the
muons after they are boosted back to the lab frame. From this a normalized distribution in
z(J/ψ) is constructed for each production mechanism. Each mechanism is characterized by
an initial parton i and quantum numbers n, and is multiplied by a weight
r(i, n) =
dσˆ(pp→ i+X) ∫ 1
0
dzDni→J/ψ(z)
dσˆ(pp→ c+X) ∫ 1
0
dzD
3S
[1]
1
c→J/ψ(z)
. (4.27)
The weight in Eq. (4.27) ensures that the total number of J/ψ coming from each mechanism
are in the proper ratio where Dni→J/ψ(z) are calculated at the scale 2mc. This is where the
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Figure 28: Predicted z(J/ψ) distribution using GFIP (gray) and FJF (red) for the three
choices of LDME in Table 1 and the LHCb measurements of z(J/ψ).
fitted LDMEs enter the calculation as Dni→J/ψ(z) ∝ 〈OJ/ψ(n)〉. The LHCb data is normalized
so that the sum of the heights of the bins adds to 1. Because of possible large corrections
near z → 0 and z → 1, we only compare with LHCb data in the range 0.1 < z < 0.9 and
normalize our distributions to the sum of the data in these bins.
Our second method, which we refer to as the FJF method, employs FJFs combined with
hard events generated by Madgraph at LO. In calculating the FJFs, logartihms of mJ/ψ/EJ
are resummed using leading order DGLAP equations to evolve the fragmentation functions
from the scale 2mc to the jet energy scale, EJ . Madgraph calculates the remaining terms
in the factorization theorem to LO in perturbation theory. This does not include NLL’
resummation for the remaining terms in the factorization thereom, however the z(J/ψ)
dependence of the cross section is controlled primarily by the FJF. The energy distribution
of hard partons is combined with the FJFs for anti-kT jets [120] with R = 0.5 to produce a
z(J/ψ) distribution for each of the five mechanisms. From the GFIP calculations, we know
as a function of z the fraction of J/ψ that survive the muon cut and we apply this correction
to our analytic calculations. The z(J/ψ) distributions from each mechanism are weighted
by the factors in Eq. (4.27) as before. The FJF is appropriate for n-jet cross sections like
Eq. (1). Inclusive FJFs [63, 119, 31, 32] differ by a contribution from out-of-jet radiation
that is power suppressed for R ∼ O(1) [46].
Fig. 28 shows the predicted z(J/ψ) distributions for the three choices of LDME’s in Table
6 using the GFIP (gray) and FJF (red) methods, which are in good agreement. Uncertainties
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are due to the LDMEs only. In the case of Ref. [5], the errors in Table 6 are supplemented
with an error correlation matrix [121]. In Ref. [6] a fixed relationship between the 3S
[8]
1 and
3P
[8]
J LDMEs is required to obtain unpolarized J/ψ. This constraint is taken into account
when computing the uncertainty due to the LDMEs. These constraints significantly reduce
the uncertainty in the predictions relative to naively adding uncertainties in Table 6 in
quadrature. Other sources of uncertainty such as scale variation have not been included.
Estimating theory uncertainties reliably in the absence of a complete factorization theorem
is difficult. For example, using the FJF method, the µ dependence of the FJF should be
cancelled by µ dependence in hard and soft functions that have not been computed. Note that
since the normalization of theoretical curves is fixed to the LHCb data, any scale variation
that affects normalization but not the shapes of the z(J/ψ) distribution will not contribute
to the uncertainty. Especially at low values of z, the underlying event and double parton
scattering give additional theoretical uncertainties. However, it is not clear how estimate
these uncertainties.
All three choices of LDMEs give better agreement to the LHCb data than default
PYTHIA shown in Ref. [111]. This gives support to the picture of quarkonium production
in Section 4.1 and this section. The LDMEs from global fits [2, 3] give worse agreement than
the fits from Refs. [5, 6]. The LHCb data is a decreasing function of z(J/ψ) as z(J/ψ)→ 1.
This is a property of the 3S
[1]
1 and
1S
[8]
0 FJFs, but not the
3S
[8]
1 and
3P
[8]
J FJFs, which actually
diverge as z → 1. In order to obtain negligible polarization at high pT , the 3S[8]1 and 3P [8]J
LDMEs of Refs. [5, 6] have relative signs such that they roughly cancel, so the 1S
[8]
0 domi-
nates production and J/ψ are unpolarized. The same cancellation here allows the z(J/ψ)
distribution go to zero as z(J/ψ) → 1. Such a cancellation does not occur for the LDMEs
from the global fits so the z(J/ψ) distribution starts to turn up at large z(J/ψ).
To summarize, we have analyzed the recent LHCb data on J/ψ production within jets.
We used a combination of Madgraph, PYTHIA, and LO NRQCD fragmentation functions
first introduced in Ref. [87] as well as an approach based on Monte Carlo evaluation of the
hard process combined with J/ψ FJFs evaluated at the jet energy scale. Both methods yield
z(J/ψ) distributions that agree much better with data than default PYTHIA simulations.
The z(J/ψ) distributions are very well described by LDMEs from fits to large pT data, and
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less well described by LDMEs from global fits. It would be interesting to perform a combined
fit to the LHCb data and the large pT data used in Refs. [5, 6] to see if consistent LDMEs
with smaller errors can be obtained. Experimental measurement of jets at central rapidity
and the polarization of J/ψ as a function of z(J/ψ) [122] would also be of interest. Finally
it would be especially interesting to find ways of discriminating charm and gluon initiated
jets [123], as a sample containing only gluon initiated jets will have greater sensitivity to
color-octet LDMEs.
4.3 QUARKONIUM POLARIZATION AND THE LONG DISTANCE
MATRIX ELEMENTS HIERARCHIES USING JET SUBSTRUCTURE
4.3.1 Introduction
Analyzing quarkonium production in jets provides a new way of probing the physics involved
in their production. Recent developments include the LHCb measurements of J/ψ produc-
tion in jets [111] and the related analyses [124, 88, 125]. A factorization theorem based on
Non-Relativistic QCD (NRQCD)6 can be used to calculate the cross section for J/ψ produc-
tion [26, 126]. Due to the large mass of the charm quark (mc), the short distance production
of the cc pair can be calculated perturbatively while the non-perturbative physics of the
hadronization into a J/ψ is captured by the long distance matrix elements (LDMEs) of the
relevant production channels (1S
[8]
0 ,
3S
[8]
1 ,
3P
[8]
J , and
3S
[1]
1 ). The predictive power of the theory
is then predicated on our knowledge of these LDMEs. Different groups have extracted these
matrix elements by using various fits to the data [5, 2, 3, 6] but have arrived at very different
values. Currently the NRQCD factorization theorem can consistently fit the unpolarized
J/ψ production cross section [129].
The cc pair produced by the fragmentation of a nearly on-shell gluon7 should inherit the
6NRQCD is an effective theory with a double expansion in the relative velocity v of the heavy quark and
anti-quark bound state and the strong coupling constant αs [126, 26, 127, 128].
7For J/ψ production via gluon fragmentation in NRQCD, the 3S
[1]
1 contribution is leading order in the
v expansion since the color octet channels are suppressed by v4. But the 3S
[1]
1 is suppressed relative to the
3S
[8]
1 channel by power of α
2
s. The matching onto
3P
[8]
J and
1S
[8]
0 is down by αs compared to
3S
[8]
1 but their
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transverse polarization of the gluon. Due to the spin symmetry of the leading order NRQCD
Lagrangian, this polarization remains intact during the non-perturbative hadronization pro-
cess (up to power corrections) [131, 132]. At leading order in αs, only the
3S
[8]
1 channel for
the gluon contributes among the octet channels and since the color octet contribution is
expected to dominate at high pT [133], the J/ψ meson should be produced with significant
polarization at high pT . However this prediction of NRQCD is at odds with the measure-
ments of the J/ψ polarization [134, 135, 136]. Understanding this polarization puzzle is one
of the most important challenges in quarkonium physics [15].
A method based on jet substructure techniques to study the different production mecha-
nisms of the J/ψ was proposed in Ref. [62]. By using the properties of the Fragmenting Jet
Functions (FJF) [53], it is predicted in Ref. [62] that for a jet of energy E and cone size R,
containing a J/ψ with energy fraction z (z = EJ/ψ/E), if the FJF is a decreasing function
of the jet energy, then the dominant contribution to the J/ψ production at high pT should
be the depolarizing 1S
[8]
0 channel and hence, if confirmed by the data, this would resolve the
polarization puzzle.
In this work, we investigate how the predictions of the diagnostic tool introduced in
Ref. [62] are affected by inclusion of the hard scattering effects. To do this, we calculate
the total production cross section for the J/ψ. This should make the comparison of theory
with experiments much simpler since the cross section can be directly measured. In order
to make the distinction between various production channels, we calculate the cross section
normalized in two different ways. In one case we normalize by summing over the contribution
of all the channels and integrating over z while in the other case we normalize by using the
1-jet inclusive cross section. Additionally we also make comparisons between the LDMEs
extracted by various groups.
The main result of this section is that the prediction made in Ref. [62], regarding the
shapes of the FJF’s, is also true for the cross section. By using a combination of differently
normalized cross sections, we can break the degeneracy of the production channels and isolate
the dominant contribution to the J/ψ production at high pT . Our results show that if the
LDMEs are of the same order as 3S
[8]
1 in v. An alternate power counting for charmonium production is
formulated in Ref. [130].
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normalized cross section is a decreasing function of the jet energy at large z, in particular
for z > 0.5, then the 1S
[8]
0 channel dominates at high pT and this prediction should be easily
verifiable with the LHC data. A recent work [124] also proposed using observables similar
to ours to probe the J/ψ production mechanisms.8
4.3.2 The Fragmenting Jet Functions
We briefly review the factorization theorem for the production of J/ψ [137, 91, 54, 92, 55, 93]
before moving onto our main results in the next subsection. We consider the process pp →
dijets at
√
s = 13 TeV and integrate over one of the jets, assuming that the other jet contains
an identified J/ψ. The dijet cross section [137] with one jet of energy E, cone size R and a
J/ψ in the jet carrying an energy fraction z, is schematically of the form
dσ
dEdz
=
∑
a,b,i,j
Hab→ij ⊗ fa/p ⊗ fb/p ⊗ Jj ⊗ S ⊗ Gψi (E,R, z, µ), (4.28)
whereHab→ij is the hard process, fa/p and fb/p are the parton distribution functions (PDF), Jj
is the jet function for the jet not containing the J/ψ, S is the soft function and Gψi (E,R, z, µ)
is the FJF for the jet containing the J/ψ. The parton i can be a gluon, charm or an anti-
charm (contributions of the other partons are suppressed). We are interested in the E and z
dependence of the cross section, which comes from the hard function (including PDFs) and
the FJF. We integrate over the jet originating from the parton j so the jet function Jj enters
the cross section multiplicatively. The soft function S does not affect Gψi (E,R, z, µ), R, E
and z (up to power corrections) [62] and so it also enters the cross section multiplicatively.
Hence both the jet function Jj and the soft function S give an overall normalization to the
cross section and are ignored in the rest of our analysis. In Ref. [62], the hard function was
not included but here we calculate the normalized cross section, including both the charm
quark and gluon contributions, and account for its E dependence.
8Ref. [124] differentiates between the NRQCD global fits based on inclusive J/ψ cross section and suggests
using the polarization measurements of J/ψ meson produced in the jets as a way of constraining the heavy
quarkonium production mechanisms.
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The FJF can be further factorized [137] into perturbatively calculable coefficients Jij(E,R, z, µ)
and the fragmentation function Dj→ψ:
Gψi (E,R, z, µ) =
∫ 1
z
dy
y
Jij(E,R, y, µ)Dj→ψ
(z
y
, µ
)(
1 +O
( m2ψ
4E2 tan2(R/2)
))
. (4.29)
The collection of NRQCD based fragmentation functions Dj→ψ used in this section can be
found in Ref. [62].
Large logarithms in Jij(E,R, z, µ) are minimized at the scale µ = 2E tan(R/2)(1 − z)
and can be easily resummed using the jet anomalous dimension [55]. But we do not consider
this resummation in this work since for us, 1− z ∼ O(1) [62]. Instead we evaluate the PDFs
and Jij(E,R, z, µ) at the jet scale µJ = 2E tan(R/2) and evolve the fragmentation function
from 2mc to the scale µJ using the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
equation,
µ
∂
∂µ
Di(z, µ) =
αs(µ)
pi
∑
j
∫ 1
z
dy
y
Pi→j(z/y, µ)Dj(y, µ), (4.30)
where Pi→j(z/y, µ) are the QCD splitting functions. We consider mixing between the charm
quark and gluon splitting functions only for the 3S
[1]
1 channel.
9 To leading order in αs, it
can be shown that [62]
Gψi (E,R, z, µJ)
2(2pi)3
→ Di→ψ(z, µJ) +O(αs(µJ)). (4.31)
Later in 4.3.3.2, we will also consider the 1-jet inclusive cross section. This is calculated
by replacing the FJF in Eq. (4.28) with the jet function for a cone-type algorithm [138]. The
FJFs are defined in Ref. [137] so that the sum over all possible fragmentations of a parton
into hadrons equals the inclusive jet function.
Ji(E,R, µ) =
1
2
∑
h
∫
dz
(2pi)3
zGhi (E,R, z, µ). (4.32)
For further details about these calculations we refer the reader to Ref. [62]. Throughout this
section we choose mc = 1.4 GeV and R = 0.4.
9The charm quark fragmentation into a J/ψ is dominated by the 3S
[1]
1 channel because the color singlet
and octet contributions start at same order in αs but the color octet channels are suppressed in the v
expansion.
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Figure 29: Cross sections for inclusive gluon and charm jets at the LHC. The center of mass
energy is
√
s = 13 TeV.
4.3.3 Discussion of the J/ψ production mechanisms
In this subsection, we discuss the predictions for J/ψ production in jets using the LDMEs
extracted by various groups and reveal some generic features that are independent of these
extractions. The LDMEs we use in this section are summarized in Table 6. Refs. [2, 3] use
a global fit to 194 data points from 26 data sets and predict significant polarization of the
J/ψ in the high pT region, which contradicts the measurements at the Tevatron [134] and
the LHC [135, 136]. The extractions in Refs. [5, 6] focus on the high pT region and attempt
to solve the polarization puzzle.
4.3.3.1 Normalized J/ψ production cross section To discuss the dependence of J/ψ
production on the associated jet energy, we use a normalized differential cross section defined
as
dσ˜i
dEdz
≡ dσi
dEdz
/∑
i
∫ zmax
zmin
dz
dσi
dEdz
, (4.33)
and
dσ˜
dEdz
≡
∑
i
dσ˜i
dEdz
, (4.34)
where i denotes different J/ψ production channels (i.e., for the gluon initiated jets i ∈
{1S[8]0 , 3S[8]1 , 3P [8]J , 3S[1]1 } and for the charm initiated jets i = 3S[1]1 ), and dσi/dEdz is defined
in Eq. (4.28).
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In Eq. (4.33), zmin (zmax) should not be too close to 0 (1) where the factorization breaks
down. The motivation for studying this normalized cross section is that we want to isolate
the properties of quarkonium fragmentation in jets from the hard processes that generate
the jet initiating partons. Fig. (29) shows the energy distributions of the hard process for
gluon and charm jets at the LHC10. For all the figures in this section, we fix the center of
mass energy to be
√
s = 13 TeV.
Fig. (30) shows the comparison of the normalized (Eq. (4.33)) and unnormalized cross
sections (Eq. (4.28)), where the LDMEs from Ref. [2, 3] are used with zmin = 0.3 and zmax =
0.8. Corresponding plots for the LDMEs of Ref. [5] and Ref. [6] are shown in Appendix C.1
and C.2 respectively. We would like to emphasize the fact that both the unnormalized and
normalized cross sections are directly measurable in experiments, although the normalized
cross section has a better resolving power than the unnormalized cross section. In particular,
the unnormalized cross section is a decreasing function of E for all the production channels
due to the decreasing nature of the hard process, while the normalized cross section can be
an increasing function for certain production channels due to the properties of their FJF’s.
A measurement of the normalized cross section (Eq. (4.33)) for z > 0.5, can help identify
both the dominant channel and the favored set of LDMEs. From Fig. (30), we can see
that if dσ˜/dEdz turns out be a decreasing function of the jet energy for z > 0.5, then the
depolarizing 1S
[8]
0 should be the dominant channel. We find this result to be true for LDME
extractions of Ref. [5] as well (see Appendix C.1).
Note that in Fig. (30), the 3S
[1]
1 channel makes the largest contribution and is also a
decreasing function of the jet energy. So in principle a decreasing total normalized cross
section could indicate the dominance of the 3S
[1]
1 channel. However, NLO calculations in
αs show that in the high pT region, contribution from the
3S
[1]
1 channel is very small and
lies orders of magnitude below the data [15, 133, 5, 141, 142, 143, 144, 145].11 Hence, if
experiments find the normalized cross section to be a decreasing function of E for z > 0.5,
then 1S
[8]
0 must be the dominant channel.
12
10We consider leading order partonic cross sections convoluted with PDF [139, 140], which includes the
following processes: gg → gg, gq(q) → gq(q), qq → gg, gg → cc, gc(c) → gc(c), cc → cc, c c → c c,
cq(q)→ cq(q), cq(q)→ cq(q), qq → cc, cc→ cc.
11We test this in Appendix C.3 by ignoring the 3S
[1]
1 channel contribution to the normalization.
12We normalize the cross section by integrating from z = 0.3 to 0.8 and for low values of z, the 3S
[1]
1
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Figure 30: Cross sections for the different production channels at z = 0.4, 0.5, and 0.6
as a function of the jet energy. The first two rows show the unnormalized cross sections
(dσi/dEdz), with the second row showing plots normalized to unit area for a better visual-
ization of the shapes, i.e., we multiply each curve of the first row by an appropriate constant
to get the corresponding curve in the second row. Similar plots for the normalized cross sec-
tion (dσ˜i/dEdz) are shown in the third and fourth row. The LDMEs are from Butenschoen
et al.’s extractions [2].
In Fig. (31), we show the jet energy dependence of the total normalized cross sections
(Eq. (4.34)) based on different LDME extractions. The error bands are purely due to the
contribution can be significant. So even though the color singlet channel cannot dominate in the high pT
region, its contribution are not completely ignored in our analysis.
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Figure 31: Total normalized cross section (i.e. dσ˜/dEdz defined in Eq. (4.34)) with error
bands. Red, black, and blue curves correspond to Bodwin et al. [5], Butenschoen et al. [2, 3],
and Chao et al.’s [6] extractions, respectively.
LDME uncertainties, that is, we consider the uncertainty due to each LDME and sum by
quadrature to obtain the total uncertainties13. It can be seen in Fig. (31) that as z goes from
0.4 to 0.6, the shapes change from an increasing function to a decreasing function. However
since different extractions have distinct slopes, this observable has the potential power to
test these extractions at the LHC. A different choice of (zmin, zmax) does not change our
arguments as we demonstrate in Appendix C.4.
4.3.3.2 Normalization using 1-jet inclusive cross section We now normalize the
cross section in such a way that the denominator is independent of the LDMEs. This allows
us to make a direct comparison of our results to those of Ref. [62]. The normalization is
defined as
dσˆi
dEdz
≡ dσi
dEdz
/
dσJ
dE
, (4.35)
and
dσˆ
dEdz
≡
∑
i
dσˆi
dEdz
, (4.36)
13To obtain the error bands corresponding to the extraction from Bodwin et al., we have used the error
correlation matrix not shown in the original paper [121].
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Figure 32: Total normalized cross section (i.e. dσˆ/dEdz defined in Eq. (4.36)) with error
bands. Red, black, and blue curves correspond to Bodwin et al. [5], Butenschoen et al. [2, 3],
and Chao et al.’s [6] extractions, respectively.
where dσi/dEdz is the same as that in Eq. (4.28) and dσJ/dE
14 is the 1-jet inclusive cross
section15. Note that the z-dependence of Eq. (4.35) comes only from the GJ/ψi (E,R, z, µ) in
Eq. (4.28).
Fig. (32) shows the total J/ψ production cross section based on Eq. (4.36). The key
feature of this plot is that the arguments given Ref. [62] based on the FJFs are also true for
the cross section (see Fig. 6 in Ref. [62])16. Specifically, when z > 0.5, the shapes of the
curves are very different for the extraction based on a global fit (black curves) and the other
two based on fit to high pT region (red and blue curves). Since the extractions from the
global fit and high pT fit give rise to different slopes for the J/ψ production cross section,
one can test which set of the LDME extractions are preferred by measuring these slopes.
Note that because our results are for the cross section, all the curves have positive values, in
contrast to the gluon FJF for the LDMEs of Ref. [6] (shown in Fig. (6) of Ref. [62]) which
became negative at large energies.
In Fig. (33), we plot the E dependence of the individual J/ψ production channels for
14This includes the contributions of gluon, light quarks, charm and bottom jets.
15The definition of Eq. (4.35) is essentially the same as the jet fragmentation function introduced in
Ref. [124], except that we have integrated the jet pseudorapidity over the region |ηJ | < 1.2 for the denomi-
nator and numerator.
16To facilitate direct comparison of our Fig. (32) to Fig. (6) in Ref. [62], we make plots for z = 0.3, 0.5
and 0.8.
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Figure 33: Comparisons of the production channels for various LDMEs using Eq. (4.35).
Last row shows the plots normalized to unit area. This is indicated by 1/σˆi for the cross
section label in the fourth row, which also cancels the LDME dependence of the numerator.
the different LDMEs using Eq. (4.35). We find that if the measurements of the observable
defined in Eq. (4.35) results in a cross section which is a decreasing function of the jet energy
for z > 0.5, then the 1S
[8]
0 channel should have an anomalously large contribution to the J/ψ
production. The fourth row in Fig. (33), with the curves normalized to unit area, clearly
shows that only 1S
[8]
0 channel is a decreasing function of jet energy for z > 0.5. Note that
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in the fourth row of Fig. (33), the LDME dependence gets canceled due to normalization to
unit area and so the prediction for 1S
[8]
0 channel being dominant at high pT is independent
of any specific LDME extractions.17
To conclude this subsection, we mention a few things about the normalization conventions
in Eq. (4.33) and Eq. (4.35). First of all, both the normalizations can be directly tested in
experiments. Also since both the numerator and denominator of Eq. (4.33) depend on the
LDMEs, they are statistically correlated and hence the width of error bands in Fig. (31) is
reduced. However, Eq. (4.35) does not have such a correlation since the jet cross section used
for the normalization is independent of the LDMEs. Indeed, if we look at Bodwin et al.’s
extraction near z = 0.5 and E = 100 GeV, the ratio of the width of error band to the center
value is ∼ 4% in Fig. (31) and ∼ 30% in Fig. (32). On the other hand, in both Fig. (31) and
Fig. (32), the shapes of blue and red curves (high pT fit) are in contrast to the black curve
(global fit).
4.3.4 Conclusion
In this section, we have looked at the total cross section for J/ψ production at the LHC by
using the FJF approach. We make comparisons between the different NRQCD production
channels for the J/ψ. We show that if for z > 0.5 the normalized cross section is a decreasing
function of jet energy, then the depolarizing 1S
[8]
0 should be the dominant production channel
at high pT . We find this to be true for two sets of normalized cross sections. Our results
confirm that the prediction made in Ref. [62] regarding the decreasing nature (with E) of the
FJF for 1S
[8]
0 channel, does not change by inclusion of the hard scattering effects. Using our
normalized cross sections, one can also test which set of the LDME extractions are favored.
17In Fig. (30), both the 3S
[1]
1 and
1S
[8]
0 were found to be decreasing functions of E and so this observable
provides an additional tool to distinguish between these two channels.
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5.0 SUMMARY
We study the physics of jets and quarkonium production using the QCD effective theories
SCET and NRQCD. Specifically we did work related to the following two topics.
Jet Physics:
In Refs. [31, 32], we introduced a function called fragmentation function to a jet (FFJ) to
describe inclusive jet production from a parton and studied FFJs in different phase space
and momentum regions. Specifically, in Ref. [31], we investigated the situation where the
jet radius was small. Jets with small radii could appear in different scenarios. Nothing
stops us to measure jets with small radii except for the limit of experimental detectors. For
instance, at the LHC, QCD jets with radius as small as r = 0.1 could be reliably measured.
For jets with small radius r, large ln(r) appears that needs to be resummed. As another
example, when jet substructures are considered, ln(R/r) would naturally appear, where R
and r correspond to the fat- and sub-jet radius, respectively. Another limit we investigated
in Ref. [32] was the large z limit, where z is defined to be the fraction of energy carried by
the jet from the mother parton. This is the limit where QCD dynamics gradually becomes
non-perturbative and large ln(1 − z) would appear. We found that the emergence of this
ln(1− z) was due to the gluon radiations that were both collinear and soft, and could be de-
scribed by the collinear-soft mode under the SCET framework. We formulated factorization
theorems and used renormalization group techniques to deal with these types of logarithms.
Quarkonium Production in Jets:
In Ref. [87], we studied electron-positron collisions and investigated B meson and J/ψ pro-
duction in jets. We analyzed the energy distribution of a B meson or J/ψ in jets with different
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jet shapes, both analytically and using Monte Carlo simulations with PYTHIA and Herwig.
B meson production in jets served as a test of our theoretical framework, since B meson
fragmentation functions (based on empirical models) were experimentally well measured,
and these models could be chosen in PYTHIA for the hadronization process. We found that
our analytic calculations and PYTHIA simulations agreed very well in this case. However,
when we applied the same framework to quarkonium production, analytic calculations and
the default PYTHIA simulations gave very different results. After investigating PYTHIA,
we found its treatment of quarkonium fragmentation to be too primitive. We attempted to
modify PYTHIA to incorporate NRQCD fragmentation functions with the parton shower
and found that the modified PYTHIA agreed with our analytic calculations.
The LHCb collaboration recently measured J/ψ production in jets. They also found that
the default PYTHIA simulations had similar features as our analysis in Ref. [87] and were
at odds with the collected data. We generalized our analysis of electron-positron collisions
to LHC events in Ref. [88] and found better agreements with data. Further more, according
to our analysis, long distance matrix elements (LDMEs) extracted from high pT regions gave
better description of the LHCb data than those from a global fit (which used a large set
of data, including those at low pT regions). In Ref. [89], we were still considering J/ψ
production in jets at the LHC, but looking at energy distributions of those jets that have a
J/ψ produced in them. We showed that these observables could have the potential power to
discriminate different quarkonium production mechanisms and test which LDME extractions
are preferable.
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APPENDIX A
A.1 HADRON FRAGMENTATION INSIDE A JET
We can describe the HFF inside a jet, DH/Jk(z), similar to sJFF. The unnormalized HFF
inside a jet can be expressed as
D˜H/Jq(z, µ) =
zD−3
2Nc
∑
X∈j
Tr〈0|δ(p+H
z
− P+
)n/
2
Ψn|HX ∈ J(p+J , R)〉 (A.1)
×〈HX ∈ J(p+J , R)|Ψ¯n|0〉.
Here we described the hardron fragmentation from the quark jet in the hadron frame (p⊥H =
0), and the momentum of the mother parton is given by pJ , hence zp
+
J = p
+
H .
Although the fragmentation function is a nonperturbative observable, it is important
to understand its renormalization behavior computing the higher order corrections at the
parton level separating IR divergences. At LO in αs, the fragmentation function from quark
jet to quark is given by D
(0)
q/Jq
(z) = δ(1− z). At NLO in αs, the virtual correction, including
zero-bin subtraction, is
DV =
αsCF
pi
(
1
εUV
− 1
εIR
)(
1
εUV
+ ln
µ
p+J
+ 1
)
δ(1− z). (A.2)
The Feynman diagrams for real gluon emissions are shown in Fig. 34, and only diagram
Fig. 34-(a) has a nonvanishing zero-bin contribution. Thus the amplitude for Fig. 34-(a) is
written as
D
(a)
R = D˜
(a)
R −D(a)R,0, (A.3)
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pJ
k
pJ
k
(a) (b) p+q = zp+J
pq pq
Figure 34: Feynman diagrams of real gluon emissions for quark fragmentation inside a jet
at NLO. The gluon in the final state is also inside a jet. Diagram (a) has its Hermitian
conjugate contribution.
where D˜ is the naive collinear contribution and D0 is the zero-bin contribution. D˜ is given
by
D˜
(a)
R (z) =
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)
∫ Λ2alg=p+2J t2z(1−z)
0
dM2
(M2)1+ε
z1−ε(1− z)−1−ε (A.4)
= I˜
(a)
R δ(1− z) +
[
D
(a)
R (z)
]
+
,
where I˜
(a)
R is
I˜
(a)
R =
∫ 1
0
dzD˜
(a)
R (z)
=
αsCF
2pi
[
1
2ε2IR
+
1
εIR
(
1 + ln
µ
p+J t
)
+ 4− 3pi
2
8
+ ln
µ
p+2J t
2
+
1
4
ln2
µ
p+2J t
2
]
. (A.5)
For the zero-bin contribution, the radiated gluon becomes soft and hence the z-dependence
can be fixed as δ(1− z), giving
D
(a)
R,0(z) =
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)δ(1− z)
∫ ∞
0
dk+k
−1−ε
+
∫ t2k+
0
k−1−ε−
=
αsCF
2pi
[
1
2
( 1
εUV
− 1
εIR
)2
+
( 1
εUV
− 1
εIR
)
ln t
]
δ(1− z), (A.6)
where the phase space constraint by the jet algorithm gives t2 > k−/k+ from Eqs. (3.9) and
(3.10), and the jet mass is approximated as M2 ∼ p+J k−.
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Similar to Eq. (A.4), the contribution of diagram Fig 34-(b) is
D
(b)
R (z) =
αsCF
2pi
(µ2eγ)ε
Γ(1− ε)(1− ε)
∫ Λ2alg=p+2J t2z(1−z)
0
dM2
(M2)1+ε
z−ε(1− z)1−ε (A.7)
= I
(b)
R δ(1− z) +
[
M
(b)
R (z)
]
+
,
where the integrated part I
(b)
R is
I
(b)
R = −
αsCF
2pi
[
1
2εIR
+ ln
µ
p+J t
+
3
2
]
. (A.8)
Therefore combining Eqs. (A.2), (A.5), (A.6), and (A.8), we can obtain the part propor-
tional to δ(1− z). This result should be equal to Eq. (3.14), i.e., the integrated jet function
at NLO for θ < R′. This is confirmed by
Iθ<Rq/q δ(1− z) = J (1)q (µ;EJR′)δ(1− z)
= DV + 2
(
I˜
(a)
R δ(1− z)−M (a)R,0(z)
)
+ I
(b)
R δ(1− z) +
(
Z
(1)
ξ +R
(1)
ξ
)
δ(1− z)
= δ(1− z)αsCF
2pi
[
1
ε2UV
+
1
εUV
(3
2
+ ln
µ2
p+2J t
2
)
(A.9)
+
3
2
ln
µ2
p+2J t
2
+
1
2
ln2
µ2
p+2J t
2
+
13
2
− 3pi
2
4
]
,
where Zξ is the collinear quark field strength renormalization and Rξ is its residue. At one
loop they are given by
Z
(1)
ξ = −
αsCF
4pi
1
εUV
, R
(1)
ξ =
αsCF
4pi
1
εIR
. (A.10)
The remaining distribution parts in Eqs. (A.4) and (A.7) are[
DR(z)
]
+
=
[
2D
(a)
R (z) +D
(b)
R (z)
]
+
= −αsCF
2pi
[
1 + z2
1− z
( 1
εIR
+ ln
µ2
p+2J t
2
− 2 ln z(1− z)
)
− (1− z)
]
+
(A.11)
= −αsCF
2pi
{
δ(1− z)
[
3
2
( 1
εIR
+ ln
µ2
p+2J t
2
)
+
13
2
− 2pi
2
3
]
(A.12)
+(1 + z2)
[
1
(1− z)+
( 1
εIR
+ ln
µ2
p+2J t
2
− 2 ln z
)
− 2
(
ln(1− z)
1− z
)
+
]
− (1− z)
}
.
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Finally, combining Eqs. (A.9) and (A.12), we obtain the unnormalized HFF inside a jet
up to NLO,
D˜q/Jq(z, µ;EJR
′) = Jq(µ;EJR′)δ(1− z) +
[
DR(z)
]
+
(A.13)
= δ(1− z)
{
1 +
αsCF
2pi
[
1
ε2UV
+
1
εUV
ln
µ2
p+2J t
2
+
3
2
( 1
εUV
− 1
εIR
)
+
1
2
ln2
µ2
p+2J t
2
− pi
2
12
]}
− αsCF
2pi
{
(1 + z2)
[
1
(1− z)+
( 1
εIR
+ ln
µ2
p+2J t
2
− 2 ln z
)
− 2
(
ln(1− z)
1− z
)
+
]
− (1− z)
}
.
The normalized HFF inside a jet is obtained by dividing by Jq(µ;EJR′),
Dq/Jq(z) =
D˜q/Jq(z;EJR
′)
Jq(µ;EJR′)
= δ(1− z)− αs
2pi
{
Pqq(z)
( 1
εIR
+ ln
µ2
p+2J t
2
)
+ CF
[
δ(1− z)
(13
2
− 2pi
2
3
)
− (1− z)
−2(1 + z2)
(
ln z
(1− z)+ +
( ln(1− z)
1− z
)
+
)]}
. (A.14)
In a similar way we can compute the other HFFs inside a jet. Their NLO results are
Dg/Jq(z) = −
αs
2pi
[
Pgq(z)
( 1
εIR
+ ln
µ2
p+2J t
2
− 2 ln z(1− z)
)
− zCF
]
, (A.15)
Dg/Jg(z) = δ(1− z)−
αs
2pi
{
Pgg(z)
( 1
εIR
+ ln
µ2
p+2J t
2
)
+Nc
[
δ(1− z)
(67
9
− 23nf
18Nc
− 2pi
2
3
)
−4
[ z ln z
(1− z)+ + z
( ln(1− z)
1− z
)
+
+ ln[z(1− z)]
(1− z
z
+ z(1− z)
)]}
, (A.16)
Dq/Jg(z) = −
αs
2pi
[
Pqg(z)
( 1
εIR
+ ln
µ2
p+2J t
2
− 2 ln[z(1− z)]
)
− z(1− z)
]
. (A.17)
At much lower energy scale, µ  p+J t, the fragmenting process cannot resolve the scale
p+J t. Hence the scale p
+
J t can be identified as an UV scale. In this case the fragmenting
process can be described by the standard FF without the phase space restriction. Therefore,
similar to the subjet case shown in Eq. (3.70), the FF inside a jet is in general factorized as
follows [55]:
Dl/Jk(z, µ;EJR
′) =
∫ 1
z
dx
x
Km/k(z/x, µ;EJR
′)Dl/m(x, µ), (A.18)
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where k, l, and m represents the quark flavors and gluon, and m is the dummy index. If we
consider the hadron FF, we have
DH/Jk(z, µ;EJR
′) =
∫ 1
z
dx
x
Km/k(z/x, µ;EJR
′)DH/m(x, µ). (A.19)
Here Km/k are the perturbative kernels with a typical energy scale p
+
J t ∼ EJR′. They are
obtained from the matching between two FFs. Because Km/k is irrelevant to the lower energy
scale dynamics, they are universally given when we consider a fragmentation process inside
a jet.
Under dimensional regularization, the bare result of NLO corrections to the standard FF
at parton level is
D
(1)
l/m(z) =
αs
2pi
Plm(z)
( 1
εUV
− 1
εIR
)
, (A.20)
where Plm are DGLAP splitting kernels. Comparing the NLO results of the HFF inside a
jet and Eq. (A.20), we can easily check that the kernels in Eqs. (A.18) and (A.19) are the
same as ones for the subjet case in Subsection 3.1.4.
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APPENDIX B
B.1 RENORMALIZATION GROUP AND RESUMMATION
B.1.1 Evolution of Measured and Unmeasured Functions
The RGEs satisfied by the elements of the factorization theorem are separated into two
categories; terms that do depend on the variable τa and terms that do not. The latter satisfy
the following RGE
µ
d
dµ
f(µ) = γf (µ)f(µ) , (B.1)
where γF (µ) is the anomalous dimension
γF (µ) = − 1
ZF (µ)
µ
d
dµ
ZF (µ) = ΓF (αs) ln
(
µ2
m2F
)
+ γF (αs) , (B.2)
where mF is related to the characteristic scale for the particular function, and ZF (µ) is
the renormalization function for F (µ). The coefficient ΓF (αs) is proportional to the cusp
anomalous dimension, Γcusp(αs), which can be expanded in αs
Γcusp(αs) =
∞∑
n=0
(αs
4pi
)1+n
Γnc , (B.3)
and ΓF = (Γ
0
F/Γ
0
c)Γcusp. The non-cusp part, γF (αs), has a similar expansion
γF (αs) =
∞∑
i=0
(αs
4pi
)1+i
γiF . (B.4)
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The solution to RGE is given by
F (µ) = exp (KF (µ, µ0))
(
µ0
mF
)ωF (µ,µ0)
F (µ0) , (B.5)
where the exponents KF and ωF are given in terms of the anomalous dimension,
KF (µ, µ0) = 2
∫ α(µ0)
α(µ)
dα
β(α)
ΓF (α)
∫ α
α(µ0)
dα′
β(α′)
+
∫ α(µ0)
α(µ)
dα
β(α)
γF (α), (B.6)
ωF (µ, µ0) = 2
∫ α(µ0)
α(µ)
dα
β(α)
ΓF (α), (B.7)
and for up to NLL and NLL’ accuracy are given by
KF (µ, µ0) = − γ
0
F
2β0
ln r − 2piΓ
0
F
(β0)2
[r − 1 + r ln r
αs(µ)
+
(
Γ1c
Γ0c
− β1
β0
)
1− r + ln r
4pi
+
β1
8piβ0
ln2 r
]
,
(B.8)
ωF (µ, µ0) = − Γ
0
F
jFβ0
[
ln r +
(
Γ1c
Γ0c
− β1
β0
)
αs(µ0)
4pi
(r − 1)
]
, (B.9)
where r = α(µ)/α(µ0) and βn are the coefficients of the QCD β-function,
β(αs) = µ
dαs
dµ
= −2αs
∞∑
n=0
(αs
4pi
)1+n
βn . (B.10)
The RGEs for functions that depend on the variable τa are of the form
µ
d
dµ
F (τa, µ) =
[
γF (µ)⊗ F (µ)
]
(τa) , (B.11)
where
γF (τa, µ) = −
[
Z−1F (µ)⊗ µ
d
dµ
ZF (µ)
]
(τa)
= ΓF (αs)
(
ln
µ2
m2F
− 2
jF
(
Θ(τa)
τa
)
+
)
+ γF (αs)δ(τa) ,
(B.12)
and the solution to this equation is given by
F (τa, µ) = exp (KF + γEωF )
1
Γ(−ωF )
(
µ0
mF
)jFωF [( Θ(τa)
(τa)1+ωF
)
+
⊗ F (τa, µ0)
]
. (B.13)
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B.1.2 Plus-distribution identities
We begin with the equation
∫
dτ ′′
[ Θ(τ − τ ′′)
(τ − τ ′′)1+ω1
]
+
[ Θ(τ ′′ − τ ′)
(τ ′′ − τ ′)1+ω2
]
+
=
Γ(−ω1)Γ(−ω2)
Γ(−ω1 − ω2)
[ Θ(τ − τ ′)
(τ − τ ′)1+ω1+ω2
]
+
, (B.14)
which can be easily proven using Laplace transforms and the defining equation of the plus
distribution,
[f(τ)]+ ≡ lim
β→0
d
dτ
[θ(τ − β)F (τ)] , (B.15)
where F (τ) is defined as
F (τ) ≡
∫ τ
1
dτ ′f(τ ′) , (B.16)
which yields
L
{( 1
τ 1+ω
)
+
}
= sωΓ(−ω) . (B.17)
The following equations can be derived by setting τ ′ → 0 in Eq. (B.14), expanding in ω2
both sides and matching powers:
∫
dτ ′
[ Θ(τ − τ ′)
(τ − τ ′)1+ω
]
+
δ(τ ′) =
[Θ(τ)
τ 1+ω
]
+
, (B.18)
∫
dτ ′
[ Θ(τ − τ ′)
(τ − τ ′)1+ω
]
+
[Θ(τ ′)
τ ′
]
+
=
[Θ(τ)
τ 1+ω
]
+
(ln τ −H(−1− ω)) ,
∫
dτ ′
[ Θ(τ − τ ′)
(τ − τ ′)1+ω
]
+
[Θ(τ ′) ln τ ′
τ ′
]
+
=
[Θ(τ)
τ 1+ω
]
+
(ln τ −H(−1− ω))2 + pi2/2− ψ(1)(−ω)
2
,
where we used [46]
[Θ(τ)
τ 1+ω
]
+
= − 1
ω
δ(τ) +
∞∑
n=0
(−ω)n
[Θ(τ) lnn τ
τ
]
+
. (B.19)
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B.1.3 Reorganization of logarithms of (1− z)
The convolutions in the variable z need to be performed numerically since they involve the
evolved FFs, which are evaluated by solving the DGLAP equation using Mellin transforma-
tions. For this reason we expand the plus-distributions using the following relations
∫ 1
z
dx
x
( 1
1− x
)
+
f
(z
x
)
=
∫ 1
z
dx
1
1− x
(1
x
f
(z
x
)
− f(z)
)
+ f(z) ln(1− z), (B.20)
∫ 1
z
dx
x
( ln(1− x)
1− x
)
+
f
(z
x
)
=
∫ 1
z
dx
ln(1− x)
1− x
(1
x
f
(z
x
)
− f(z)
)
+ f(z)
1
2
ln2(1− z). (B.21)
Thus for every function D(z) the convolution with f ijJ (τ, z, µ) gives
1
Tij
2pi
αs(µ)
f ijJ (τ, z, µ) •D(z) = δij f1(τ, z, µ) D(z)−
∫ 1
z
dx f2(τ, x, µ)
( P¯ji(x)
x
◦D
(z
x
))
+
∫ 1
z
dx
[
cij(x)− 1
1− a/2 ln
(
1 +
(
1− x
x
)1−a)
P¯ji(x)
x
]
◦D
(z
x
)
,
(B.22)
where
f2(τ, z, µ) = 2 ln
(
µ
µJ(τ, z)
)
+
1
1− a/2H(−1− Ω) , (B.23)
with
µJ(τ, z) = ωτ
1/(2−a)(1− z)(1−a)/(2−a),
f1(τ, z, µ) =
1− a/2
1− a
(
f2(τ, z, µ)
)2
+
a(1− a/4)
(1− a)(1− a/2)
pi2
6
− 1
(1− a)(1− a/2)ψ
(1)(−Ω),
(B.24)
cqq(z) =
1− z
z
,
cgg(z) = 0,
cgq(z) = 2(1− z),
cqg(z) = 1,
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Figure 35: Profile functions for µPFS (τ0) and µ
PF
J (τ0), the τ0-dependent renormalization scales
that we use in the scale variations of our measured soft function and measured jet function.
Also shown are traditional scale variations done by varying µ by ±50%.
and
f(x) ◦ g(x) = f(x)g(x) ,
[f(x)(h(x))+] ◦ g(x) = h(x)[f(x)g(x)− f(1)g(1)] .
B.1.4 Profile Functions
Here, we write down the profile functions used to perform scale variations for our measured
soft and measured jet functions. We use profile functions to introduce a τa-dependent scale
variation that freezes at the characteristic scale for high values of τa where the factorization
theorem breaks down and at a fixed scale for small values of τa where we reach the non-
perturbative regime. The profile function for the measured soft function, µPFS (τ0), and the
profile function for the measured jet function, µPFJ (τ0), are plotted in Fig. 35 (for the case
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a = 0). The analytic formulae for these functions are
µPFS (τa) =
[
1 + S
g(τa)
g(1)
]
×
µmin + ατ
β
a 0 < τa < τmin
ωτa/r
(1−a) τmin ≤ τa
,
µPFJ (τa) =
[
1 + J
g(τa)
g(1)
]
×
(ωr)
(1−a)/(2−a)(µmin + ατβa )
1/(2−a) 0 < τa < τmin
ωτ
1/(2−a)
a τmin ≤ τa
,
(B.25)
where we have defined
g(τ) =
1
exp
(
1.26(τmin − τ)/τmin
)
+ 1
, (B.26)
and where α and β are defined to be
β =
τmin
τmin − µminr(1−a)/ω and α =
ω
βτβ−1min r(1−a)
. (B.27)
These choices for α and β ensure that the profile functions and their first derivatives are
continuous. We use the following values for the parameters
τmin = 2µminr
1−a/ω
µmin = 0.3 GeV . (B.28)
We define our scale variations via
S/J = 1/2 → +50% variation,
S/J = −1/2 → −50% variation,
S/J = 0 → Canonical scale ,
and take the final scale variation bands as the envelope of the set of bands from the individual
variations.
144
B.2 MATCHING COEFFICIENTS AND CONSISTENCY CHECKS
B.2.1 Evaluation of matching coefficients
In pure dimensional regularization all diagrams contributing to the FFs vanish, and the only
diagrams that contribute to the angularity FJF for quarks are Figs. 3a) and 3b) of Ref. [54].
For Fig. 3a) we get
CFαs
2pi
(4piµ2)(1− )
Γ[1− ]
1− z
1− a/2 ω
2a/(2−a)(1− z)−2(1−a)/(2−a)
×
(
1 +
(1− z)1−a
z1−a
)2/(2−a)
1
s
1+2/(2−a)
a
, (B.29)
and for Fig. 3b) we get
CFαs
2pi
2z
1− a/2
(4piµ2)
Γ[1− ]ω
2a/(2−a) 1
(1− z)1+2(1−a)/(2−a)
×
(
1 +
(1− z)1−a
z1−a
)2/(2−a)
1
s
1+2/(2−a)
a
, (B.30)
where sa = ω
2τa. The first expression is singular as τa → 0 the second is singular as z → 1
and τa → 0, but the singularities are regulated by dimensional regularization. Employing
the distributional identity
1
(1− z)1+ = −
1

δ(1− z) +
(
1
1− z
)
+
− 
(
ln(1− z)
1− z
)
+
+ ... , (B.31)
and similarly for τa we find for the divergent terms
CFαs
2pi
(
δ(sa)δ(1− z)
[
2− a
1− a
1
2
+
2− a
1− a
1

ln
(
µ2
ω2
)
+
3
2
]
− 1
1− a
2

δ(1− z) 1
ω2
[
1
τa
]
+
− δ(sa)1

Pqq(z)
)
, (B.32)
where Pqq is defined in Eq. (4.13). The first four terms in this expression are the expected
UV poles for the angularity jet function (multiplied by δ(1− z)), see Eq. (3.37) of Ref. [146].
In order to simplify this expression we have redefined 4pie−γEµ2 → µ2, i.e., we are working
in the MS scheme. The last term is the expected UV pole in the perturbative evaluation of
the QCD fragmentation function. Since Gi(τa, z, µ) is expected to evolve like the angularity
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jet function, this is the correct structure of UV divergences implied by Eq. (4.2). The finite
pieces are given by
1
ω2
Jqq(τa, z, µ)
2(2pi)3
=
CFαs
2pi
1
ω2
{
δ(τa)δ(1− z)2− a
1− a
(
−pi
2
12
+
1
2
ln2
(
µ2
ω2
))
+ δ(τa)
(
1− z −
[
ln
(
µ2
ω2
)
+
1
1− a/2 ln
(
1 +
(1− z)1−a
z1−a
)]
1 + z2
(1− z)+
+
1− a
1− a/2(1 + z
2)
(
ln(1− z)
1− z
)
+
)
+
[
1
τa
]
+
(
1
1− a/2
1 + z2
(1− z)+ − δ(1− z)
2
1− a ln
(
µ2
ω2
))
+
2δ(1− z)
(1− a)(1− a/2)
[
ln τa
τa
]
+
}
. (B.33)
In the limit a→ 0 this becomes
1
ω2
Jqq(τ0, z, µ)
2(2pi)3
=
CFαs
2pi
{
δ(s)δ(1− z)
(
−pi
2
6
+ ln2
(
µ2
ω2
))
+ δ(s)
(
1− z − ln
(
µ2
ω2
)
1 + z2
(1− z)+ + ln z Pqq(z) + (1 + z
2)
(
ln(1− z)
1− z
)
+
)
+
1
ω2
[
1
τ0
]
+
(
1 + z2
(1− z)+ − 2δ(1− z) ln
(
µ2
ω2
))
+ 2δ(1− z) 1
ω2
[
ln τ0
τ0
]
+
}
,
(B.34)
where we have used δ(τ0)/ω
2 = δ(s). Using the following distributional identities
1
ω2
[
1
τ0
]
+
=
1
ω2
[
ω2
s
]
+
=
1
µ2
[
µ2
s
]
+
+ ln
(
µ2
ω2
)
δ(s) ,
1
ω2
[
ln τ0
τ0
]
+
=
1
ω2
[
ln(s/ω2)
s/ω2
]
+
=
1
µ2
[
ln(s/µ2)
s/µ2
]
+
+
ln(µ2/ω2)
µ2
[
µ2
s
]
+
+
1
2
ln
(
µ2
ω2
)
δ(s) ,
(B.35)
which are readily verified by integrating both sides over s, one finds that in the a→ 0 limit
the finite piece is given by
Jqq(s, z, µ)
2(2pi)3)
=
CFαs
2pi
{
δ(s)
(
1− z + ln z Pqq(z) + (1 + z2)
(
ln(1− z)
1− z
)
+
− pi
2
6
δ(1− z)
)
+
1
µ2
[
µ2
s
]
+
1 + z2
(1− z)+ + 2δ(1− z)
1
µ2
[
ln(s/µ2)
s/µ2
]
+
}
, (B.36)
which agrees with the matching coefficient found in Eq. (2.32) of Ref. [54].
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Next we calculate Jqg(τa, z, µ). Naively this is related to Jqq(τa, z, µ) by the replacement
z → 1 − z. However, because in the convolution integral of Eq. (4.2) the argument of
Jij(τa, z/z′, µ) is never zero, there is no need to regulate poles of z. Therefore, a divergent
factor of (1− z)−1− in Jqq(τa, z, µ) becomes in Jqg(τa, z, µ)
1
z1+
=
1
z
−  ln z
z
+O(2) . (B.37)
Thus, Jqg(τa, z, µ) is obtained by making the substitution z → 1 − z and then dropping
all δ(z) and plus prescriptions. This is true for the Jqg(s, z, µ) calculated in Ref. [54] and
remains true for Jqg(τa, z, µ). We thus find for the divergent terms
1
ω2
J divqg (τa, z, µ)
2(2pi)3
= − 1
ω2
CFαs
2pi
1

δ(τa)Pgq(z) , (B.38)
where Pgq is given in Eq. (4.13). For the finite pieces we get
1
ω2
Jqg(τa, z, µ)
2(2pi)3
=
CFαs
2pi
1
ω2
{
δ(τa)
(
z +
[ 1
1− a/2 ln
(
z1−a(1− z)1−a
z1−a + (1− z)1−a
)
− ln
(
µ2
ω2
)]
Pgq(z)
)
+
1
1− a/2
[
1
τa
]
+
Pgq(z)
}
.
(B.39)
Again, these reproduce the matching coefficients of Ref. [54] in the a→ 0 limit.
For the divergent contributions to Jgg(τa, z, µ) we get (from the diagrams in Fig. 4 of
Ref. [54])
1
ω2
J divgg (τa, z, µ)
2(2pi)3
=
CAαs
2pi
1
ω2
(
δ(τa)δ(1− z)
[
2− a
1− a
1
2
+
2− a
1− a
1

ln
(
µ2
ω2
)
+
β0
2CA
1

]
− 1
1− a
2

δ(1− z)
[
1
τa
]
+
)
− αs
2pi
1
ω2
δ(τa)
1

P˜gg(z) , (B.40)
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where the P˜gg(z) is the full QCD splitting function that includes the term proportional to
β0δ(1− z). For the finite parts of Jgg(τa, z, µ) we find
1
ω2
Jgg(τa, z, µ)
2(2pi)3
=
CAαs
2pi
1
ω2
{
δ(τa)δ(1− z)2− a
1− a
(
−pi
2
12
+
1
2
ln2
(
µ2
ω2
))
+δ(τa)
(
−Pgg(z)
[
ln
(
µ2
ω2
)
+
1
1− a/2 ln
(
1 +
(1− z)1−a
z1−a
)]
+
1− a
1− a/2
2(1− z + z2)2
z
(
ln(1− z)
1− z
)
+
)
+
[
1
τa
]
+
(
1
1− a/2Pgg(z)− δ(1− z)
2
1− a ln
(
µ2
ω2
))
+
2δ(1− z)
(1− a)(1− a/2)
[
ln τa
τa
]
+
}
, (B.41)
where Pgg is given in Eq. (4.13). In the limit a→ 0, this expression reduces to Jgg(s, z, µ)/(16pi3)
found in Eq. (2.33) of Ref. [54].
For the divergent contributions to Jgq(τa, z, µ) we find
1
ω2
J divgq (τa, z, µ)
2(2pi)3
= − 1
ω2
αsTR
2pi
1

δ(τa)Pqg(z) . (B.42)
For the finite parts we get
1
ω2
Jgq(τa, z, µ)
2(2pi)3
=
αsTR
2pi
1
ω2
{
1
1− a/2
[
1
τa
]
+
Pqg(z) + δ(τa)2z(1− z) (B.43)
+ δ(τa)Pqg(z)
[
1
1− a/2 ln
(
z1−a(1− z)1−a
z1−a + (1− z)1−a
)
− ln
(
µ2
ω2
)]}
,
where Pqg is again given in Eq. (4.13). In the limit a → 0, this expression reduces to
Jgq(s, z, µ)/(16pi3) in Eq. (2.33) of Ref. [54].
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B.2.2 Sum Rules
The sum rules,
Ji(τa) =
1
2(2pi)3
∑
j
∫ 1
0
dz z Jij(τa, z) , (B.44)
can be checked for i = q by performing the integral
Jq(τa) =
1
2(2pi)3
∑
j
∫ 1
0
dz z Jqj(τa, z) (B.45)
=
1
2(2pi)3
∫ 1
0
dz z (Jqq(τa, z) + Jqg(τa, z)) (B.46)
=
1
2(2pi)3
∫ 1
0
dz z (Jqq(τa, z) + Jqq(τa, 1− z)) (B.47)
=
1
2(2pi)3
∫ 1
0
dz Jqq(τa, z), (B.48)
where in the last line we changed variables to z → 1 − z in the 2nd term. Inserting the
expression in Eq. (B.33) into this integral yields the Jq(τa) found in Eq. (3.35) of Ref. [146].
In the case of the i = g we have
Jg(τa) =
1
2(2pi)3
∫ 1
0
dz z (Jgg(τa, z) + Jgq(τa, z))
=
1
2(2pi)3
∫ 1
0
dz
Jgg(τa, z) + Jgq(τa, z)
2
, (B.49)
because both Jgg(τa, z) and Jgq(τa, z) are symmetric under z → 1 − z. The sum rule is
easiest to verify by writing the d-dimensional expressions for Jgg(τa, z) and Jgq(τa, z) before
expanding in  = (4− d)/2. We find
1
ω2
Jgg(τa, z, µ)
2(2pi)3
=
1
ω2
(
4piµ2
ω2
)
CAαs
2pi
1
Γ[1− ]
1
1− a/2(z
a−1 + (1− z)a−1) 22−a
(
1
τa
)1+ 2
1−a
×
(
2z
1− z +
2(1− z)
z
+ 2z(1− z)
)
(B.50)
1
ω2
Jgq(τa, z, µ)
2(2pi)3
=
1
ω2
(
4piµ2
ω2
)
TRαs
2pi
1
Γ[1− ]
1
1− a/2(z
a−1 + (1− z)a−1) 22−a
(
1
τa
)1+ 2
1−a
×
(
1− 2
1− z(1− z)
)
. (B.51)
Inserting these two expressions into Eq. (B.49) one obtains exactly the integral expression
for the d-dimensional Jg(τa) found in Eq. (4.22) of Ref. [46].
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APPENDIX C
C.1 UNNORMALIZED AND NORMALIZED CROSS SECTIONS FOR
BODWIN ET.AL
Fig. (36) shows the unnormalized (Eq. (4.28)) and normalized cross section (Eq. (4.33)) for
Bodwin et al.’s LDME extractions [5]. The 3P
[8]
J channel contribution is negative, which is
a feature of these LDMEs as it leads to a cancellation between the 3S
[8]
1 and
3P
[8]
J channels,
making the depolarizing 1S
[8]
0 the dominant production channel of J/ψ for z > 0.5.
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Figure 36: Unnormalized and normalized cross sections for Bodwin et al. extractions [5].
The conventions followed are same as in Fig. (30).
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C.2 UNNORMALIZED AND NORMALIZED CROSS SECTIONS FOR
CHAO ET.AL
Fig. (37) shows the unnormalized (Eq. (4.28)) and normalized cross section (Eq. (4.33)) for
Chao et al.’s LDME extractions [6]. Similar to Bodwin et al., these LDMEs result in a
cancellation between the 3S
[8]
1 and
3P
[8]
J channels.
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Figure 37: Unnormalized and normalized cross sections for Chao et al. extractions [6]. The
conventions followed are same as in Fig. (30).
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C.3 NORMALIZATION USING ONLY COLOR OCTET CHANNELS
Fig. (38) shows the cross section for the different J/ψ production channels based on the
LDMEs in Ref. [5] and Ref. [2, 3] with the contribution of 3S
[1]
1 channel ignored in Eq. (4.33),
i.e., setting 〈OJ/ψ(3S[1]1 )〉 to 0. Since 1S[8]0 channel (green curves) has very different slopes for
the two LDMEs, if the 1S
[8]
0 channel dominates at high pT , then one can distinguish between
these two extractions. We don’t include Chao et al.’s extractions [6] because it gives rise to
a negative total cross section and so one can not ignore the color singlet contribution.
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Figure 38: Cross section normalized by ignoring the 3S
[1]
1 channel contribution in Eq. 4.33.
The second and fourth row are obtained by normalizing the curves in the first and third row
to unit area respectively.
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C.4 INSENSITIVITY TO ZMIN AND ZMAX
Comparison of the normalized cross sections (Eq. (4.33)) for different values of zmin and
zmax is shown. This confirms that the discussion in Subsection 4.3.3.1 is not sensitive to
(zmin, zmax) since the shapes of different LDMEs do not change. For validity of the fac-
torization formula Eq. (4.28), we don’t pick zmin too close to 0 and zmax too close to 1.
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Figure 39: Solid curves correspond to (zmin, zmax) = (0.3, 0.8) and the dashed curves
(zmin, zmax) = (0.4, 0.7). Due to the change in normalization, all the curves shift upwards
without changing their qualitative shapes.
154
C.5 LOWER Z PLOTS
Fig. (40) shows the J/ψ production cross section (Eq. (4.35)) at lower z values for all the
three LDME extractions [5, 2, 3, 6] used in this section.
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Figure 40: Lower z plots for the cross section (Eq. (4.35)). The conventions followed are
same as those in Fig. (33).
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